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What is a Tensegrity System?

A configuration of rigid bodies forms a tensegrity configuration if the given

configuration can be stabilized by some set of tensile members connected
between the rigid bodies.

Not a Tensegrity Configuration  Tensegrity Configuration  Tensegrity System

A tensegrity system is composed of a tensegrity configuration of rigid bodies
and any given set of strings connecting the rigid bodies.

Note that a tensegrity configuration without strings forms an unstable
tensegrity system. (An insufficient set of strings might be added, even though a
stabilizing set exists).
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Tensegrity in art

loganson’s 3-bar, 9-string stable structure, 1921. Snelson's X-piece, 1948
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e molecular structure of spider fiber



tensegrity systems in Nature

e system of muscles, bones, tendons for animal locomotion
e molecular structure of spider fiber

e cells in biological material



tensegrity systems in Nature

e system of muscles, bones, tendons for animal locomotion
e molecular structure of spider fiber
e cells in biological material

e collagen, DNA



tensegrity systems in Nature

e system of muscles, bones, tendons for animal locomotion
e molecular structure of spider fiber

e cells in biological material

e collagen, DNA

e carbon nanotubes



tensegrity systems in Nature

e system of muscles, bones, tendons for animal locomotion
e molecular structure of spider fiber

e cells in biological material

e collagen, DNA

e carbon nanotubes



Animal locomotion systems

The elbow can be thought of as a class 3 tensegrity joint, the shoulder as a
class 2 tensegrity joint, and the foot as a class 2 tensegrity joint. The total
system would be called a class 3 tensegrity system



Cat locomotion
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The flexor tendons (red) and the extensor tendons (blue) of a cat’s hind legs.
The plot shows the time profile of the forces in each tendon during a walk



The dragline silk of a Nephila Clavipes
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The molecular structure of nature's strongest fiber. A class 1 tensegrity model.
The rigid bodies are the B-pleated sheets, and the tensile members are the
amorphous strands that connect to the f3-pleated sheets



Tensegrity in red blood cells
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The network of junctional complexes underneath the red blood cell membrane.
The protofilament (33,000 in each red blood cell) is the rigid body and the
spectrin dimer are the tensile members. Each spectrin is stapled to the lipid
bilayer



Tensegrity network in red blood cells

Outside of Erythrocyte

Ankyrin binding sites -__;?E _— g /e

to lipid bilayer -
A single junctional complex within the network of 33,000 junctional complexes
underneath the red blood cell membrane. Each of the 6 binding sites where the
strings connect to the rigid body are known. The actin protofilament (rod) has
a radius of 4.5 nm and a length of 37 nm.
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Tensegrity in Engineering: A Bicycle

A class 1 tensegrity structure
rigid body one: rim
rigid body two: hub



Tensegrity in Engineeri

A class 1 wing

A class 1 tensegrity wing. One rigid body has the shape of the airfoil, and the

other body has the shape of a long rod (the spar). None of these rigid bodies
touch each other.

DA™



Regular minimal tensegrity prism

Top view of A regular minimal tensegrity prism for p = 3.



Regular non-minimal tensegrity prism

A stiff regular non-minimal tensegrity prism. The minimal number of strings
that can stabilize is 9. This structure has 12 strings.
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Perspective view

A plate constructed from regular minimal tensegrity prisms

Top view



Robustness from prestress

A

bending stiffness =

=
aQ
=
Z.
Q
=

increasing pr¢

» force F

_This string slack at force F=f

A class 1 tensegrity structure in bending. The bending stiffness is dominated by
geometry, and the robustness to uncertainty in external moments is dictated by
prestress. The stiffness drops when a string goes slack



Tensegrity duals

lass 1 Class 2 Class 2
==
. ual
| Prima ual e
Stable primal and 3D unstable dual 3D unstable primal and dual

Any system of bars and strings (primal) has a dual obtained by replacing bars
by strings and vice-versa



Optimal Tensegrity for Bending Loads



What is Optimal Structure for Bending?

Statement of the Problem to be solved:

Given:

an upper bound q on the number of elements to be used in construction of the
structure (this will be called the complexity q of the system), and

an aspect ratio (the ratio of the length of the structure and the foundation
dimension attached to the structure)

Find:

the structure that has minimal mass, subject to material yield constraints



Some useful tools, A Michell Spiral

Define circles of radii ry. Define members of lengths py. Define Michell spiral:

rgq1 = ar, pe = cry, ‘6:071727"'7(77 (1)

where a >0 and ¢ > 0.



Some useful tools, A Michell Spiral

Define circles of radii ry. Define members of lengths py. Define Michell spiral:

r€+1:ar[7 p¢ = cry, ‘6:071727"'7(77 (1)

where a >0 and ¢ > 0.

Michell Spiral of Order 4 (¢ = 1/16, 3 = 11/6), where a and c are
sin3 sin@

" n(p o) " sn(p o)



More Michell spirals
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A Michell Topology of order k is formed

by the set of all Michell spirals of order < k, and their conjugates (mirror images).
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Summing forces at node nj

Forces along directions mj,, my;, m; ,_1, m; ;_1, respectively have
magnitudes, iy, txi, fi k—1, tki-1-



Force equilibrium

m; my; m; my
ettty g g =0,
[l | [[my]] [lm; 1l [l il
which reduces to:
i) .. _ tei—1) .
(fik) Piyk =2 (&k_l) Pitk—1+ Pixwi,
with “initial” conditions,
t
(foo) po = Poowoo,
00
where,
@, — Ptk sin(B — B)
* ™ sin(2B) |—sin(6i +B))’
1lg —h tanf3 sin@
Q== , =14—"— h=——T
2 {—h g} = T tan(Br o) cosBsin(B+ ¢)

and g+ h=2, a useful fact.



Vector form of equilibrium

Define vector xgq € R2(@+1) by the forces in all members that lie within the

radii rq and rg41. That is,

to2

to1 o

too fio t11

0 [foo} Po, tio| PV fi1
fo1 t2

fo2

P2,

X3 =

to3
f30
t12
h1
t21
fi2
t30

| fo3 ]

b3

Xa =

" ton ]
faO

t1a-1

fa—11

tia—i
fa—ii

ta,0

L for

The normalized forces in all members between radii ry and r;, between radii
and rp, between radii r» and r3, and between radii r3 and ry4, are shown

Pa-



Recursive force equations

The vectors xg and xg41 are related by the recursive form,
Xq+1:AaXa+BauO7 a:07172’...’q71.
where

AC{ c IR2(C¥-‘,—2)><2(Cf—}-1)7 Ba c ]1&2((3{—}-2)><(C{—}-2)7 Xa c R2(0+1)’ ug c Ra+2.

It follows that

-Wa+1.,0_
Wa 1 Jo 0 0 O
Wg-12 0 J 0 0 O
_ | wa- _
a=| o2 A =lo o A
o 0 0 0 J O
: 0 0 0 0 N
LW0,a+1]



Recursive form, cont’d

®qi10 O 0 0 0 0
0 ®q 1 0 0 0 0
0 0 &g 1o 0 0 0

Ba=1] 0 0 0 ®y 023 O 0o |-
0 0 0 0 0

0 0 0 0 0 ®gi1

with

:Qﬁ ﬂ:leﬂ

Note that all elements in By have arguments in ®;, such that i+ k=a+1,
and all elements in ug have arguments wj, such that i+ k=a +1.



Theorem for Equilibria of Michell Toplogies

Let a truss be arranged according to the Michell Topology of order g, having
external forces wj, applied at the nodes nj, with i >0, j>0and i+ <gq. Let
Xg contain the forces (normalized by the member length) in all members within
the band of members between radii rq and rg4+1 and ug contain the magnitude
of the forces at the nodes with radius a. Then the forces propagate from one
band to the next according to the linear recursive equation,

Xor+1:AuXa+BuUu, a:07172’...’q71.



Loads at only one node

Michell Topology of Order 4 (¢ = 11/16, B = 11/6) showing bending region; blue
and red indicate a member in compression or tension.
The members remain uni-directionally loaded for all forces within the region

shown. These will be called admissible forces.



Material volume

If strings and bars are made from same material, then the total material volume
of a Michell Topology of order g, with any admissible force is

sin|@]  sing
sinf sin(B+ @)’

where 0 is the direction of the force, and wyg is the magnitude of the force.
For any given material and external force, we need only minimize J;,

Jg = arowoo (A +7)

Jq _ gsin@
rowoo (A +7)sin |6 sinBsin(B+ @)

e
gy =



Aspect ratio

Define the aspect ratio p by



Minimal Volume Solution

For any given aspect ratio p and any given complexity g, and any admissible
force, Jg is minimized by

. 2
020’ = (7 s 7

and the minimum volume of material required to build the structure is

) , tanB* = p'/9

. . 1 B
1) = qp"7sing (Hm) — (oY pt/a).

As the chosen complexity q goes to o, Ji* := limg e J;* can be computed as

J" = lim q(p™/9—pt/9) =2Inp~*.



How does volume relate to complexity q and aspect ratio p?

15

1.45

1.4

11

-2 -1 0

10 10 10
e p The
relative optimal discrete cost J;/J;f,; material overlap occurs for p < e ™



penalizing joint mass

S =4 +1a(qg+1)=q(pY—p V) + uq(g+1).

%
total

0 2 4 6 8 10 12 14 16 18 20

*

The joint mass optimal discrete cost Ji n

plotted for the worst case p = e~
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Optimal Michell Trusses of complexity g
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Sub-Optimal Tensegrity bunk bed

Wall-mounted tensegrity bunk bed, with (g =5, p = 0.133) leading to
@* =22.5°, B* =33.5° Sub-optimal due to truncated boundary (flat wall).




Optimal Compressive Structures



Hollow Cylinders in Compression

Buckling force f(p) for a hollow tube with inner radius r; and outer radius rp,
length £y, and mass m({p)

B ETI‘?’(r{)1 - r,-4)

fllo) ==, mllo) = puri(r§ —r?)lo,
0

These equations yield the mass of the hollow cylinder m(¢g)

€2f(€0)
m(ly) = TIp, 14 2 1+ 0 -1
( 0) pLor; ( En-3r’f1

where m({g) — 0 as r; — oo.
Therefore in FINITE environments a cylinder is not necessarily the minimal
mass structure for compression!



Buckling Constraints for rods

Buckling force f(£p) for a rod of length £y, and mass m({), without external
load

El'l‘?’r(‘,1

f(lo) = a2 m(lo) = ppTrg Lo,
0

From these equations it follows that

TRy 2
m(fo) = Cbég f(fo), Cp = \/LT[LE



Self-Similar Concepts and Fractals

Existing Theory:

Fractal theory deals with the filling of space by replacing a given geometrical
object A with yet another object B composed of some arrangements of object
A of smaller dimensions.

New Theory:

Add a mechanical property requirement to fractals theory.

Assign a mechanical property to the geometrical object A (hence, object A will
now be called Structure A) and replace Structure A by yet another Structure B,
so that the specified mechanical property is preserved or improved.



A 4-bar, 16-string Class 1 Tensegrity

lo
A 4-bar, 16 String structure under compressive load



A T-Bar Unit and its Dual, the D-Bar Unit

S1 évl S1
f(lo) (1 151 __f(bo)
S1 Evl S1
Lo
A T-Bar unit, a class-4 tensegrity
f (%) f(to)

lo
A D-Bar unit, (the Dual of the T-Bar unit) results when we choose h=w = 0.
This is a class-2 tensegrity and there is a string-to-string connection.



The T-Bar system

A T-Bar structure under critical compressive load, f({p).
Goal: Replace a bar of length g by a T-Bar tensegrity system.

S1 évl S1

f (o) % 4 f(4o)

s1 evl S1

Lo
Assume a ball joint at the intersection of the 4 bars. (This is unstable in 3D,
but stable in the 2D work here)



T-Bar Forces in the presence and absence of external loads

In the unloaded case (f(£p) =0), we require the same load (1) in bar /1 as in
the loaded case, f(¢1) (where f(£y) # 0, with t(s1) =0). To9 achieve this, for
the unloaded (prestressed) case, f(¢g) =0, and

1
2cos aq

f(t1) = f(Lo), f(4,1) = f(Lo)tanay, (s1) = f(4o).

t(s1) t(s1)

For the loaded case,

f(fvl) =0, f(fl) = f(fo), t(Sl) =0.



Mass of T-Bar System

Mass of all bars in the T-Bar unit is mp,, where,
mp, =2m(l,1)+2m(¢1)
=2¢,(£1 [(F (1)) + (F(2)) /)
— 2ch(fo/2)?[tan? oy (F(£o) tan ar) 2 + (£(£0)) 2]
=2¢ (L0/2)? (F(£o))?[tan®? a1 +1].

Hence, the mass of the T-Bar unit is less than the mass of the original bar if
Up, <1, where,

_me Ll 52
Hp1 = m(fo) - 2[tan ai+ ]>

where it is clear that pp <1 if a; <45°.



Adding String Mass

The string mass is 4m(s1) = 4css1t(s1), and t(s1) = f(o)/(2cosay) is the
string tension in the externally unforced case. The total mass ratio is

1
Uy = E(tan5/2 a1+1)+4m(s1)/m(fo)

_ 15 Cs lo f (o)
o 2(tan a1+1)+4m(€0) (2cosal 2cosa;

(tan5/2011+1)_|_4<cs f(fo))( 1 )2

cplo 2cos 01

Nl—= N

(tan®2ay +1)+ g(1+tan’ay),

where

e SV/f(lo) _ psy/TEF (o)

cvlo 205pplo

is a dimensional parameter.



Mass versus Choice of Geometry, a

Since Y3 > 1/24¢, for 3 <1, € <1/2 is required, yielding:

(R G

—e=10"
—e=10""
0s : —e=14
—e=13
L S TR z‘oa R

For steel cs/c, =0.5829 x 1073, f({g) = 2.942,¢3 Newtons, we have & = 0.001,

choosing tana; = 0.25, then iy = 0.517. This point is marked with a square in
the plot.




The T-Bar Self-similar Rule

Si

(¢ 1) a; (4 1)

1
éi—&-l = 55,‘, S,‘Zf,‘/COS(X,‘, £, =/{;tanq;,

f(6;) =f(li—1) +2t(sj)cosa;,  f(L,;)=2t(s;)sinay,

m(t) (6N ()
m(fo)i(fo) f(to)

Choosing t(s1) =0, yields f(¢;) = f(¢;_1), and f(¢,;) =0.




Mass of Bars ¢, After n Self-Similar Iterations

After n iterations the number of bars of length ¢, is 27,
The number of bars of lengths £,1,¢,2,...0y; sum to 37, 2" bars.
After n iterations, the total mass of the bars ¢, is given by,

2
2"m(ln) = cp2"(€n)*\/F(ln) = cp2" (5%) f(£o).

Hence,

2"m(¢,) 1

m(fo) Coon’



Total Mass After n lterations

Mass of bars £,;
n tan5/20r " tand/2q;
z2m(£w/mfo Z2l< —ZTl
i=1 i=1

Mass of the strings s;.

n n
z 2+ m(s;)/m(fo) = Z g(1+tana;),
i=1 i=1

Total mass after n iterations:
n tan/2q;

1
§+;T+ z £(1+tan2q;).

Hn = my/m(fo) =

Special case: If we choose o; = a, then the total mass ratio is

tn(a; = a) =2""+tan®2 a(1—2"") + ng(1+tan’a).



Constant a, for n=14

,/|<'/|<>|\ l /|<' e




Mass vs Self-Similar Iterations, with Constant a

—a=10°

0ol —a =20°]
—a=25°

08l ——a=40°|

0.3r-

021 | | | | |
4 5 6 7
n

€=0.05.
As n— o, tendon mass — o and bar mass ratio — (tan®/2a).

-
N
w



Optimal Complexity

Pretend that n is any real number, rather than an integer. Compute 'yj;’ =0to
obtain:

o _ In2(1—tan®?2a)
T (14tan2a)e

)

or, explicitly, rounding down to the nearest integer,

. In[(In2)(1—tan%/2q)] —In[(1+tan?a)e]
=1 In2 )

The number of tensegrity components required to build the minimal mass
structure in compression is

n* . .
g=2"+73 (242"
i=1

*

=3(2")-2.



Example

For steel strings and bars cs/c, = 0.5829 x 10~3. With external force

f(¢o) = 2.942(3 Newtons, we have & = 0.001, and from the above equation,
choosing n =6 and tana = 0.25, we obtain g = 0.0528, indicating a structure
of g =190 components that has about 1/20th the mass the original bar of
length ¢p, and the same buckling strength.

Example

Verify that the optimal mass in the above example occurs with a structure of
complexity n* =9, in which case the minimal mass is 0.0427 times the mass of
the original bar.



Constant Width Column

i=1,...,k], [C{,':(Xl, i:k—i—l,...,n]
N N A

Optimal constant width T-Bar column {y/w =10, n* =5, k=4



Yielding in T-Bar Self-Similar Systems

The bar ¢, yields when the bar force is f(¢,) = Gbnr,%, or, equivalently
ra = f(Ln)/(110,) = f(Lo)/(T10}).

The bar buckles when the bar force is f(£,) = f(¢o) = T Er? /(4¢2), or
equivalently, (using the fact £, = £¢y/(2")),

r2 =210\ /£ (£o)/(TRE).

Equating these expressions for r, yields the iteration number n** at which the
buckling force and the yield force are the same, for bar ¢,.

o _ 2000 (ps/os) 1

T JmEF(l))  (Ps/0b) €

If n> n** the failure of bar ¢, is by yielding.
If n< n™*, the failure of bar ¢, is by buckling, in which case

o' In2(1—tan%/2a)
 (L+tan2a)e

)



Optimal Complexity for Constant Width T-Bar Columns

—¢e=0.001
09H——¢=0.02
—€=0.05

0.8

0.7

ol I I I I I I I
8

lo/w = 10; yielding is the mode of failure in green area.



Constant Width Column

Example

For T-Bar columns with steel materials:

The number of self-similar iterations before yielding satisfies

2M" =232.9(f(4)"1/4,

where f({p) is the external force applied.

Hence, for steel materials with f(£p) =1, the largest number of self-similar
iterations before yielding is 7.



3D T-Bar Systems, with N-Polygonal cross-sections

f(to)

f(to)
lo

A T-Bar Unit with N=3



3D T-Bar Systems

For any N, the mass is

1 N2 tan®2a N2
N _ i
Uy 7f2n+ 5 '21 of +72 zls 1+tan a;).
1= I:

where, for constant o
pN(a;=a)=2""+(N/2)tan*? a(1—2"")+ (N/2)ne(1 +tan’a).

Differentiating this with respect to n and solving for n* yields the optimal
complexity

n

« 2In2(1— %tan‘r’/2 a)
" eN(1+tan2a)




Mass of N-Dimensional T-Bar Self-Similar Systems

Now substitute 2" into puN(a; = a) to get the minimal mass

N(1+tan?a) - 2In2(1— Y tan®2q)
2In2 " T end+tan?a) '

N
u,l,\l = > tan/? +&

Observe that the total bar mass is smallest for N = 3.
For N =3, constant a; = a, and any n:

pi(aj=a)=2""+(3/2)tan®2a(1—2"")+(3/2)ne(1+tan’a).



Mass of T-Bar Systems for N=2 and N=3

02—t

£ — 0.05. : : s nj' s s 7
(N =2, dashed) and (N = 3, solid), The plot for N = 3 has solid lines. Dashed
lines for N =2

Note for N = 3 that a must be at least 4.63° smaller than for the N =2 case
(to get uN <1 when & = 0), requiring tan®2a < 2/N.



The Dual of the A T-Bar Unit: the D-Bar Unit

S1 évl S1
f(lo) (1 151 __f(bo)
S1 Evl S1
Lo
A T-Bar unit, a class-4 tensegrity
f (%) f(to)

lo
A D-Bar unit, (the Dual of the T-Bar unit) results when we choose h=w = 0.
This is a class-2 tensegrity and there is a string-to-string connection.



The 3D D-Bar Unit

f(fo)

o



Self-Similar D-Bar Systems

AN
F(loy ‘@.\*!»57 «f(to)

Configurations of the planar D-Bar Self-Similar structure with constant
o =15°. The s,; strings are red. The s; strings are not shown since they take
no tension in these critical states



Mass of the D-Bar System, after n lterations

N N\ 2 2
(v —-2n H .
U, = (4(:0550) +&(cos™“"a—1)/sin“q.

The string mass does not depend on N. For n=1, N =3:

3 3 12 2
Y 1 .
M3 ( os ) +e(1+tan“a)

;113 < 1 requires a < 19.25° for N=3, and a < 29.48° for N=2. The plot
compares (N = 2, dashed) and (N =3, solid), with £ =0.05.




Deployable Combination of T-Bar and D-Bar Systems

Optimal constant width T-Bar column {y/w =10, n* =5, k =4, with last
iteration using D-Bar unlts

It is easy to coIIapse a D Bar unit by controlling the string s,1, while the
collapse of the T-Bar unit requires a folding procedure which seems more
complex. Yet the T-Bar self-similar system can reduce more mass on each
iteration than the D-Bar system. To combine the advantages of both, one can
use the T-Bar self-similar iteration except on the last iteration, where D-Bar
units will be employed.



Unit-Self-Similar Designs

PREVIOUS: REPLACING EACH BAR ELEMENT WITH A SELF-SIMILAR
UNIT
AHEAD: REPLACING EACH UNIT WITH TWO SIMILAR UNITS



Unit-Self-Similar Designs with Box Units

3 (o) 3f(to)
3f(bo) % 2f(bo)
1f(%) 3f(to)
w
3f(fo) 7 3f(to)
3 (o) 3f(to)
2f(bo) % 2f(b)

Under these compressive loads, how many Unit-Self-similar iterations give
minimal mass?



Mass of Unit-Self-Similar Designs with Box Units

The sum of forces at the typical node yields,
f(¢n)sina, = t(s), f(lo) = f(£n)cosan.
and the mass is composed of 2n bars, leading to
m=2ncyl?\/f(ln)
= 2ncp[w? + (bo/n)?1{ (o) [L+ (nw/to) ]} /*.

Differentiating this mass expression with respect to n yields the optimal
complexity,

n=(lp/w)+/2/3.



Regular Tensegrity Prisms

A regular minimal 3-bar tensegrity prism
regular = tops and bottoms have same vertical centerline and are parallel.
minimal = stabilized with smallest number of strings possible




Equilibrium for a Regular Tensegrity Prism

Ve, Vb, Yv: = force densities in strings s¢, sp, Sy -

Ap: = force density in each bar
Ve p~t(2sin(m/p))
Vo | =Ap | p(2sin(r/p))t |,
W 1

where p := r¢/rp is the ratio of top and bottom radii.
The twist angle is

for p =3 then a =30°,
for p =4 then a =45°,
for p =6 then a =60°
Also note that y, = p2y;.



Equilibria and Mass for a Single Unit

Force densities in all members,

(k) o Ap _ f(to)
Ap =W = =Y = Sein(n/p) ~ 2 lopsin(n/p)’

bop’
Total normalized mass for a single minimal regular tensegrity p-bar prism:

5} ﬁ(%)5/4+8(1+71+5i22gn/p)).




Unit-Self-Similar Columns from Tensegrity Prisms

Perspective view:
rt = rp = r and stable minimal regular p-bar prisms can be stacked as shown.



Mass of Unit-Self-Similar Columns from Tensegrity Prisms

bar and string mass:

Hn = Hpn + Hsn,
u _ VP n? 4 2z* 4 n?sin(11/p) 5/4
bn nz5 > )

2 .
n“[1+sin(TT
o= (14 PSRN
2z
differentiating Up, with respect to n yields optimal bar complexity:

_ 2 Lo

. 272 _ lo
" \‘\/3[1+sin(n/p)]J L/3(1+sin(7‘[/p) WJ '




Example: Unit-self-similar 3-bar prism, € = 0.001

0.2 lfw=5
|| —lgw=10
_IO/W =100

n
Note from properties of the single prism, one needs n > 2 to reduce mass. The
points marked with a square indicate global minima. The global minimum for
lo/w =100 is 4, =0.0405 at n=82.
Note that

n*(lp/w) ={4,8,84}, lo/w = {5,10,100}

indicating that the optimal bar complexity n* is a reasonable estimate of the
global optimum (hence, bars dominate the mass).



Minimal Mass of Columns from Tensegrity Prisms

*

Substitute the optimal bar complexity, n*, into the mass formula to get:

1 5x15Y/4

= o P o s/ + £
o/w 6 6

This remarkable formula shows that the optimal mass is linear in € and that the
string mass is independent of p, the number of bars per prism . Also, for a given
p, the optimal mass gain is inversely proportional to the aspect ratio fo/w.
Example: Show that for p =3 and p =6, that mass cannot be reduced unless
lo/w >4 and £y/w > 5, respectively.



Mass of Minimal Regular Tensegrity plates

_ V3 . )5/
Hn = Mpn + Hsn Hon = 374 573 ("TH‘E (2+V3)z ) ;
2
Hsp = € <1+ :n\fZ‘l) .

A _ R [142|t(n ~ 1)1

“na nr? 4[1+3(n,—1)n,]

E(nr)

For example, &(n,) is approximately equal to
{0.60, 0.68, 0.75, 0.80}

when n, — {2,3,6,00}



3-Bar Plate Mass versus complexity

50

AIZ=5

sl A2 =10 ||
2 _

A2 =20

10 —

5
ne

€=0.05 and A/(2 = {5,10,20}.



Non-minimal Regular Tensegrity Prisms

A regular non-minimal tensegrity prism. This structure has 12 strings, including
3 extra diagonal strings



Non-minimal Regular Tensegrity Prisms

Let yy be the force density in the diagonal strings then

Ve p~* cos(m/p)
Vo | _ Ap pcos(11/p)

W cos(a —1/p) | 2cos(a)cos(11/p)
Y —cos(a +11/p)

where now the twist angle is any angle between

In this range, the y's are all non-negative for A, > 0. As in the minimal regular

prism, Vp/V: = p.

Note also that a = 11/2— 11/p is the equilibrium for the Minumal Regular
Prism. The above result yields y; =0 when a = 11/2 — 11/p.

It is important to note that all tensegrity columns and plates in the previous
discussions can be designed using Non-minimal regular Tensegrity Prisms. The
difference is advantage is high stiffness, with NO soft modes.



Minimal Mass Cylinder

e This section provides an explicit analytical solution to the minimal mass
design for a special class of long cylindrical structures.
e The mass is minimized subject to material yield constraints for an

infinitely long cylinder composed of axially loaded compressive members
and tensile members.

e The topology of the structure is a class 2 tensegrity structure, meaning
that two compressive members are in contact at each node.



S P

e

o




Compressive members
bar

Tensile members
Diagonal string

,,,,,,,,,,,, Horizontal string

777777 Vertical string

Typical Unit

Overall View

Diagram of class 2 tensegrity cylinder



Define:

p® = 2711, where @ = angle between radial lines
z = height of each stage

H = gz = height of cylinder

R = radius of the cylinder

I, = length of each bar

Is = length of each of the diagonal strings

I, = length of the horizontal string in each unit
Iy = length of the vertical string in each unit.

Then,
IE = 4RZ%sin® o+ 47°
2 = 2R%*(1—cosq)+ 2>
l,% = 4RZ%sin® [0)]

l2

2
. = 4z°,



Main Result: Equilibria with vertical external loads

All bars have equal force in the infinite cylinder,

Summing forces at only two nodes yields the fact:

The force densities in the horizontal string, ¥, and in the diagonal strings y1,
Vo, V3, Ya may be assigned any positive values, subject to the constraint,

=1y, Ya=Ya,

The force density A in each bar is given by

A=vyp+ (y1+ va).

1
2(1+cos @)



Minimizing Structural Mass

A well-known fact:
Minimal mass, subject to material yield constraints in all bars and strings, is
achieved by minimizing the function

m
J= z O','/,-2,
i=1

where 0O is the force density in the ith member (bar or string), and /; is the
length of the ith member.



Mass of the Cylinder

Using the above results,
J= JS + Jb7

where Js and Jp, are the normalized mass of strings and bars, respectively.
The total mass of strings and bars are given by:

1 1 1
Js=cs [qu(vl +1a)E + 5 (a+Dpwli + 5 pawly

1
Jb = Cp |:§qu /§:| .



Optimal Complexity

The partial differential of J with respect to complexity g can be obtained as

follows:
o) _0k 04
dqg dq dgq
where,
95 _ 1( +va)p(2R?(1— ) — 22) 4+ 2R?y, psin® @ — 2y, pz>
0g ~ © SWitya)p cos@)—z Yhpsin© @ — 2y, pz
9y 2.2 2
rr cb[2p)\(R sin“Q—z )]

From 0J/dq =0, it follows that

i) A(rery, +ry,) + re +2(14 cos @)1
2R (re +1)(2ry, sin? @ —cos p+1)

q*=\@<

where, g* is the optimal value of g, which minimizes the mass of structure.



Optimal System with Same Material for Strings and Bars

For same bar and string material, and:
re=1
only diagonal strings are present, then ry, = r, =0 and,

. (i) 3+cos@
7= \2r sin2 @



Cylinder Mass versus Complexity

0.021— — T -
“w \ = minimum value ——p=4
0015
- 001f
0.005
|
|
|
0 I
0 911 20 30 3840 50

J versus q for the case (ry, =ry, =0, re =1, % =5, R=0.1)



Cylinder Mass versus Complexity

0.05
i . ——p=4
< minimum value p=6
—p=12
0.04} —p=24

J versus q for the case (ry, =ry, =05, re =1, % =5 R=0.1)



Bar Mass versus String Mass

0.02
@
c 0.01f
=
|
strings : : bars
q S—lla‘ | —q b—12
I
0 | L L L
0 10 20 30 40 50

Ratio of mass of bars and strings for the case:
(p=6,r,=r,=05rc=1 4 =5 R=01)



3D T-Bar Systems

0.02

Js

— diagonal
horizontal
vertical

Mass

Mass of
diagonal, horizontal and vertical strings for the case: (p =16, ry, = ry, =0.5,
re=1, 4 =5 R=01)



Optimal Complexity
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Efficient Models of Class 1 Tensegrity dynamics

o A tensegrity system requires prestress for stabilization of the configuration
of rigid bodies and tensile members.

e Provide an efficient model for both static and dynamic behavior of such
systems, specialized for the case when the rigid bodies are axi-symmetric
rods.

e The key to efficient nonlinear dynamic models, and
e The key to effective feedback control of the nonlinear system, is to:

e Find and exploit the special structure of the model equations.



Vector and Matrix forms

M(q)d+ G(q)a+K(q)g= Hu+ Lw,
G(x)x+ K(x)x = Hu+ L(w),
QM+ QK(Q,Q,u) = L(w),

where u and w are control and disturbance variables, respectively, and g € IR”,

x €IR2", Q e IR3*N/3,



Tensegrity Systems

Assume that the rigid bodies are rod-shaped and have negligible inertia about

their longitudinal axes.



Notation 1

o Let e;,i =1,2,3 define a dextral set of unit vectors fixed in an inertial
frame

o Define the vectrix E by E = [ e & €3 ]

e Two reference frames, E and X. The transformation between these two
frames is described by the 3 x 3 direction cosine matrix X so that X =
EXE.

e Let the 3 x 1 matrices rX and rE describe the components of the same
vector r in the two reference frames X and E,

e The relationship between the components of the same vector r, described
in two different reference frames, then



Notation 2

For any vector vT = [ Vi Vv V3 ] define ¥ and ¥ by

vi O 0 0 —V3 V2
v={ 0 w 0 |, V= V3 0 —v1
0 0 w3 - Vi 0

For any two vectors v, and x, Vx = Xv.

The cross product is b; x f; = (Eb;) x (Ef;) = Eb;f;,
The dot product is given by,

bi-f;=(Ebj)-(Ef)=b] ET -Ef;=b] £,

where the dot product ET -E=



e System is composed of B bars and 0 strings.

o Define the it" node n;) of a structural system as a point on the rigid body
at which strings are attached. The coordinates of this point of attachment
is nj € IR3.

o Define the ith string as a massless structural member connecting two
nodes. The vector connecting these two nodes is s;.

o Define the it bar of a B-bar system as a rigid rod connecting two nodes
n; and nj,g.

e The vector along the bar connecting nodes n; and n; g is

bj=n;;p—n;,i=1,2,...8. The bar b; has length ||b;|| = .£; = \/b] b;.

e The vector r; locates the mass center of bar b;, and r; = Er;.

e The vector t; represents the force exerted on a node by string s;, where
the direction of vector t; is parallel to string vector s;. That is t; = y;s; for
some positive scalar ;.

_ |l
Isill

o The force density y; in string s; is defined by y;



Bar force definition

The vector f; represents the net sum of vector forces external to bar b;
terminating at node n;. The set of all nodal forces external to the bar b; is
described by the figure.




Angular Momentum
/
dm

Then the angular momentum of the bar b; about the center of mass of bar b;,
expressed in the E frame, is h; = Ehj, where,
m; ~ -

hi = 2 bib.



Dynamics of a rigid bar

Bar vector b connects nodes n; and n,, at which are applied
Forces f; and f».
The translation of the mass center of bar b, located at position r obeys
mi = f+
The rotation of bar b; about it mass center obeys
m~-- 1.
—bb==b(h—Hf).
1 5b(f2—f1)

The proof follows from the above expression of angular momentum and
Newton's second law,

ﬁZEQX(£2*£1)7 ﬁ:*2b X b.



Constrained Dynamics: Fixed Length Bars

For fixed bar length %, then bT b—_#2 = 0. The first two time derivatives of
the length constraint yield 5" b=0 and b” b= —b" b. Then the total system is

m~. 1-
—bb==b(fh—f
12bb 2b(2 1)

bThb=—-bTh
bTh=0
bTh—#?=0.

Computational errors: Correct the length and velocity of each bar after each
integration step, to keep the length constant and the velocity vector b
perpendicular to the vector b.

At numerical iteration k, the computed values are b(k) and b(k). Replace
these values by the values b(k+1) and b(k+1), given by

b(k+1) = b(k)Z/ | b(K) |

bik+1) = (1- —b““ﬂ;}k“)) (k).



Rigid Bar dynamics

Ignoring roundoff errors

B

Solving for b is a linear algebra problem. Uniqueness is guaranteed by the facts
-~ T ~
b b 2
o] Lo |

B2 =bbT —bT bl

The unique Moore-Penrose inverse of [ blzr } is




Rigid Bar Dynamics

Using the fact bb=0, the unique solution for bis

.6 b™h 6 1

bzm(fz—ﬁ)—b<272 + o gab (f2_f1))
bbT 16

:6/m(l——2)(f2—f1)—b >

The translational and rotational dynamics for a rod are given by

F=(A+h)/m,

. T
b+kb=6/m (/—ﬂ) (b—f), k

bTh
72 T 77

£?



Dynamics of the Network of B bars, b;,i =1,2,[3

Bil—n; +b;6; = %(fﬁw —f)
m;t; = (fi +fg1),
where -
6 = bi (fB+i —f)
12‘,202 2272

Now characterize the tendon forces, f; and fﬁ+i

2
1i]1? +




Matrix forms for the Network

Define matrices

F=[ A R]=[Hh f fo | fge1 ... bg ]
N:[Nl Ng]:[nl mo ... ng | ngyp ... nQB]
T=[t t to |
5:[51 s So‘]

B=[ b1 b bg |
R:[rl r rﬁ]

§=diag[ y1 2

Then, FEIR*2P NeIRR*2P T cIR*%, ScIR*?, BeIRP*F, ye IR, and

B:NnglzN{ 7’ }:NU,



Matrix Forms of Dynamics

For a B-bar system define the configuration matrix 2 and,

2=[B R]

Koz{é}é[l 0]

6: = b/ (fai— ) /227 + mi| bil|* /1227
1
1
o= 4 1]
L
M=diag[ ... m; ... ]
1
M 0
—| 12
= [ M0 } .
Then the dynamics for any class 1 tensegrity system are given by
DM+ 2Ky = Fo,

where 207 = N.



Bar Forces

For a given square matrix J, define the notation |J] = diag[ e i ]
Then, a matrix form for entries 6;, i =1,2,... is

A 1 4 L

9:52‘2[BT(F27F1)+%BTBMJ
1_ 1 .
=522 [ 1 0 ]2T(R-FA)+Z[1 0]2TM|

=l = - %]



Connectivity Matrices

Define the string connectivity matrix C

1 if string vectors; terminates on node;.
Cj =4 —1 if string vectors; eminates from nods;.
0 if string vectors; does not connect with nods.

For 23 disturbance vectors applied at each of the 3 nodes,
W= [ Wi woees wog ]
Then
S=nNCT
TC =SPC=NCTyC
F=W-TC=W-2¢TCTycC,



Final Form of Dynamics

For all Class 1 tensegrity systems with rigid bars,

QM+24 =Wo, 2=[B R],

1 mi 0 0
iy 0
///:{ A }7 M= o 0
=0 9] eTcTico, o[ 2 3
1o o yee® =00

-~



Alternate Expressions

The ith element of the diagonal matrix 6 may also be written

L 2pT (90T CTeny— Wa )+

6=

151,

12‘,202

W =Wy, W], C=[G, ]
W, = i col(Wy — Wa) = —W (i col(U)) = w; — wp 4
Ca, = i"col(C1 — C) = — (i col(U)) = C; — Cp 1.



Dynamics in Nodal Coordinates

Using N = 207 it is straightforward to write

Theorem

Dynamics for all class 1 tensegrity in nodal coordinates N,
NMpy + NKy = W,

where

1l 2m M 9 AnT Ta

where,
1 ~ m; .
6; = —= (NU)] (NCT Cay— WU;) + —=||(NU); |
i 2L’g( )i ( ALY ,)+12L’g||( )ill%s

where U; = ithcol(U).



Replace 2(t) in the dynamic equations by its steady state value
Q =limt — o[ 2(t)].

Then all equilibria for Class 1 tensegrity systems satisfies

QK=Wo, Q=[B R],

N~

1
Y
I

é:%j—ﬂe[/ O]QT(Q“’TCTVC*W)[_I/H'

K:[ g H+<|>TCTVC<|>, <|>T:[ -

These equations are LINEAR in the variable y
Given a desired configuration Q and a set of static loads W all forces in the

strings that are compatible with that configuration and load, are immediately
known, by solving a linear algebra problem.



Vector Form of the Dynamics

[ 12mt 2w, mitovTig
) rr -
-1 owTy 1T
i 12mB A my 20Ty,
(2L3)"1b] 207 CT Cp,
/ 0 A ]
| —3Ca G |

1T T T 7
(2L3) 716 20T CT ¢y,

myH((wipp —wi)/2— 20T, J0)

Tb:12 .

mg(wap — wp)/2— 2w T J3)
my H(wpiq +wi) — 20T, J0)
T, = :

(g + ) — 2UT iy J3)



Vector Form of Dynamics

(1222) || by |2+ (222) B[ (wi g —w1)

0= :
(1225) ' mpllbg|® + (2£5) 1 bf (wap — wp)
qTZ{bI bBT L rBT}’ 2=[ Eiqg - Epq ]
bi=2e,E;=[0 - I - 0]7(.3’.7':[0 o1 0]
Theorem

All class 1 tensegrity dynamics satisfy

A E I M



Proof.

the vector 0 is given by
6 =Ay+9,
and the matrix %, and its it" column are given by
H =vTow
A =VTU(Gy+ Jd)

(3] []o-ers



Now let t — o in theorem above.
Define the left null-space of a matrix [-] by

(“[D1=o,
Define the right-nullspace of matrix [-] by
[1([15) =0

Define the Moore-Penrose inverse of the matrix [-] by []T
A specified set of constant loads W is said to be admissible for a specified 2 if
there exists a solution Yy to the equation TGy =T. That is, if

Lre(2)(2,w)=o.

For statics [ Gy = T, then the string force densities of all static equilibria of all
class 1 tensegrity structures are given by

y=[FG]'T+[FG]"z,

where z is arbitrary, subject to the requirement that all elements of y are
positive or zero.



Conclusions

e The nonlinear dynamics are given in the form of a second order differential
equation of a 3 x 2f3 configuration matrix, 2.

e The matrix form of dynamics has the simplest form, even though they are
non-minimal (583 degree-of-freedom system is modeled by 63 degrees of
freedom)

e The equations contain no trigonometric nonlinearities, and the mass
matrix is constant.

e The simplicity of these equations is partly due to the use of the matrix
form, partly due to the choice of variables, and partly due to the enlarged
space in which the dynamics are described.

e Numerical integration schemes for stabilizing the computational errors are
given.

o All static equilibria are characterized. For any given admissible
configuration the equilibria equations are linear in the string force densities.

e The freedom in the desired equilibria can be utilized to further reduce
control effort in the control problem.



Nonlinear Control of Non-minimal Tensegrity models



Motivation and Goals for Control

e Tensegrity systems can have many rigid bodies connected either by elastic
"springs”, or "strings".

e This lecture assumes springs are used

e Do this with a non-minimal realization of the dynamic model

o Applications: formation flying such as a fleet of rigid vehicles.

e The elastic "springs’ connecting these rigid bodies could then be the
result of closed loop control laws that mimic the spring and damper forces
of the "interconnections” of the vehicles

e We provide state feedback control laws to modify a configuration
(formation) from some initial known configuration to a desired final
configuration, using the smallest control effort.

o Potential advantage: exploit the special structure of the equations to
obtain an efficient simulation, or control law



Control Strategy For Bilinear Systems

x=f(x)+B(xu, y=g(x)
e Define a vector of Lyapunov-type functions, y
e Find control laws that force this vector to behave as a linear stable ODE.
e The controllers required to do this are nonlinear.
e We do not seek to make the dynamics of the closed loop plant linear.
e We force nonlinear Lyapunov-type functions to behave linearly.

e The Lyapunov-type functions are not required to be quadratic, although
such examples are given here



Output

Regulation Controllers (ORC) for Nonlinear Systems

Let y represent a chosen vector of nonlinear functions that are important
to reduce toward zero (such as the error squared between current and
desired configurations, etc).

For example, each element of the vector y could be chosen such as
yi = xT Q;x, where Q; is chosen to create an error function that should be
zeroed by the control system.

If y represents the difference between the current and a desired "output”,
then a desired state is achieved by forcing y; to toward zero. One way to
reduce y toward zero is to force y to satisfy a stable linear differential
equation,

y = —Qy, where Q is chosen positive definite.

The method does not require quadratic choices for y;. (Indeed, some
nonlinear systems cannot be stabilized with quadratic Lyapunov functions).

If it is not possible to satisfy y = —Qy exactly, then we will minimize the
Euclidean norm of the error y 4+ Qy at each instant of time. This yields the
first result:



Derivation of the ORC

Find a control u which minimizes the Euclidean norm squared of the error

y + Qy, while
choosing €2 to minimize an integral of the error over a finite interval of time
(t1,t2).
Note that
. 0g
f =-Q .
Y= 50X ( (x) +B(x)u) g(x)

Linear algebra yields the minimal Euclidean norm squared of the error in the
above equation (left-hand side minus the right-hand side) yields

dg \ " g
=—|-=B Qg+ —f
" (0x ) (S2g + dx )
Compute the Euclidean norm squared of the equation error, Ji,

g .\ T og
Ef) P(Qg+ %

o8 (98"
P:=I1- B B
ox (dx )

S =(Qe+ f)



The ORC controller

Theorem
For the system described by

x = f(x) + B(x)u
y =g(x)
the control law given by (the ORC controller)
g + g
=—( =B Q —f
u (0x ) (Qg+ o).
minimizes, at each instant of time, the Euclidean norm squared of the error

y+Qy.

For insight lets examine the use of this ORC controller in a linear system.



The ORC Controller Applied to a Linear System

Theorem
For any linear system such that y = g(x) = x” Qx, and f(x) = Ax,
if Q is chosen to satisfy

QA+ATQ-2QBB’Q+0Q =0,

then the ORC controller minimizes J given by

J:/ (QxTQx+%uTu)dt,
0

and the closed loop system has these properties

y=—Qy
Min(J) =xg " Qxg



The Linear ORC

Proof.
Computing the control in the linear case yields
@ A+AT
__x (9Q+QA+ Q)XBTQx,
2xTQBBTQx

where the fraction reduces to 1 when Q satisfies the Riccati above, which is
indeed the condition for minimizing J. |



Properties of the Linear ORC controller

e The linear case the ORC controller is optimal by two different criteria.

o It is the least squares solution which minimizes, at any instant of time, the
Euclidean norm of the error y + Qy

e |t is also an optimal LQR control for the functional J

e These results provide encouragement to investigate further properties of
the ORC controller in the nonlinear case.

e For the linear case there is no restriction on the choice of positive matrix
Q > 0, since the equation y = —Qy is always solved

e In the nonlinear case the controller might not exist that satisfies y = —Qy.
In this case we make a special choice of € in an attempt to reduce error.



An Adaptive ORC

Now lets evaluate the error Jo = [ J1dt over an interval of time (t1,t2),
Jo is the inner product of the vector P(Q2g+ g—if) with itself.

Note the property of the projection matrix P2 = P

Recall the notation and definitions of inner and outer products, on a given
interval, (t1,t2),

<xy>= /Q xT (t)y(t)dt

t1

ty T
>x,y<:/ x(t)y' (t)dt
t

1
<x,y>=tr(>x,y <).

From functional analysis, we have the standard known result:

Lemma
The constant A which minimizes the inner product < Ax —b,P(Ax—b) > is
A=(>bx<)(>xx<)"t



an Adaptive ORC Controller

Applying this result to our problem of choosing Q to minimize the inner
product < P(Qg+ =f),P(Qe+ g—ff) > yields

t g t -1
Q(ty,t) =P (/2 &f )( 2ggTdt) +(1-P)Z,
ty ty

where P = P2 =P7, and Z is an arbitrary matrix. At time t» the control
switches to,

dg )\ " a
u(tl,tz):—(a—iB) (Q(tl’t2)g+0_§f)’

This control function switches to u(ty,t3), at time t3, etc. So the nonlinear
controller periodically updates the control with a new €2, based upon a
calculation from performance achieved over the past interval

Similar in spirit to Model Predictive Control, except

update the performance requirement, 2, instead of a model , A, of the plant,
The adaptive ORC procedure updates (updates the required stability properties
of the chosen performance function y



Summary of Adaptive ORC

Let t, and tx 11 represent the times at which two consecutive updates of  are
made (the interval t;1 — tx is not necessarily uniform). Then the control law
can be written in the form

9 + ?
u(tyy1) =— (5—53> (Q(tk>tk+1)g+ 0—§f) ;

where the control law u(t, 1) is applied on the interval t; 1 — t, and then the
controller is updated to u(tx,2), and so forth. The initial controller for the first

interval is
dg \" Jg
=—(=—B Q —f
o) = (5%8) (20e+ 5Er).

where Qg is a selected positive definite matrix.



Exponential Stability of the ORC

Uniqueness of the ORC implies y = —Qy, which yields exponential stability of
the output, since y(t) < e tyq.

The standard approach to exponential stability is the use a single Lyapunov
function (y is a scalar in the case).However, the linear algebra problem allows a
control nullspace of dimension m—1, leaving m—1 free variables in the
selection of the m-dimensional control vector.

This leaves quite a bit of room to satisfy still more constraints, without
compromising the original one. V;(x) — 0,i =1,--- k. This can reduce the
nullspace in the control problem to be no larger than dimension |m — k|.



Configuration Control of a Tensegrity Prism

Initial and final configurations for the movement performed with the 1 stage
Prism



Dynamics, and State Errors

Dynamic model is
d=Ba(a)y+1(a.4,w)

vector q contains the bar vectors b; and their centers of mass r;

y is the vector of control inputs,
The state vector will be given by the actual state minus the desired state:

xT=((x))7,...(x;)T), for i=1,2,3. and j=1,2,3.

x] = ((b;—b;,)T.(6)T)

X[ =((r—ri) " (1))



Reconfiguration of a Tensegrity Prism

Example A:

y=g(x) =x7Qx, Q=a>0

y=37x] Qixi+ 37 %] Qpx;,

Q = BlockDiag]...Q;..... Qj...]

fori,j=1,2,3 and Q2 =0.3,

Ty, =251, Xp, =0.71, Zp, =31, T, =151, X, =1, Z,, =3I,
where



Reconfiguring the Tensegrity Prism

02" -04 0 100 200 300 400 500 600 700 800 900 1000

(a) Upper nodes trajectories (b) Values for V

Figure: Ex.A. Left, upper nodes trajectories (node 4 green, 5 red and 6 blue). On the
right, the value for the Lyapunov function.
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-0.1

0.05

-0.05

Control Signals (string tensions)

0.05 0.05
1 -0.05 -0.05
0 500 1000 1500 ~ O 500 1000 1500 O 500 1000 1500
01 01
—L o—#— o—l—
-01 -0.1
0 500 1000 1500 O 500 1000 1500 O 500 1000 1500
01 01
4— O—J— Oﬁ‘—
. -0.1 -01
0 500 1000 1500 O 500 1000 1500 O 500 1000 1500
01 0.05
oﬁl‘— 0
-01 -0.05
0 500 1000 1500 O 500 1000 1500 O 500 1000 1500

Figure: Ex.A. Control signals evolution. Tensions in cables are listed from top left to

down right corresponding to cables 1 to 12.



Vector ORC

Example B: (y; = g;(x) = x" Qix,Q > 0)
vector of functions y (y is 6x1)
Find the control to satisfy y = —Qy, for the choice Q;; = ad;;, hence,

Vi=—-aV,;.
gy, O 0 0 0 0
0 ¢p O 0 0 0
Jg 0 0 yp, O 0 0
ox 0 0 0o y, O 0
0 0 0 0 ¢, O
0 0 0 0 0 Y

where each of the blocks is 1x3 and % is 6x18,
e, = (bi —b;,)TYb +b] Z,,
Yr, = (ri - r,'d)Tle. +PiTZri

Q is constant, diagonal, 6x6, and the decay rate is a = 0.01.
components Q;:
Ty, =25 X, =07L,Zy, =31, T, =1.5L X, =1,Z, =1



Vector ORC Control Signals

0.1 0.1 0.1
0 ‘ 0 } 0 1
-0.1 -0.1 -0.1
0 500 1000 0 500 1000 0 500 1000
0.1 0.1 0.1
0 J 0 j 0 J
-0.1 -0.1 -0.1
0 500 1000 0 500 1000 o] 500 1000
0.1 0.1 0.1 J
0 J 0 j 0
-0.1 -0.1 -0.1
0 500 1000 0 500 1000 0 500 1000
0.1 0.1 0.1
0 0 0
-0.1 -0.1 -0.1
0 500 1000 0 500 1000 0 500 1000

Figure: Ex.B. Control signals evolution. Tensions in cables are listed from top left to
down right corresponding to cables 1 to 12.



Singular Values of the (%B)

2 1 1
15 0.8 0.8
0.6 0.6
1
0.4 0.4
05 0.2 0.2
0 0 0
0 500 1000 0 500 1000 0 500 1000
x10™ x10™* x107°
8 6 6
6
4 4
4
2 2
2
0 0 0
0 500 1000 0 500 1000 0 500 1000

. og .
Singular values of (EB) matrix



Decay of Lyapunov Functions

0.2 0.2 0.2
0.15 0.15 0.15
0.1 0.1 0.1
0.05 0.05 0.05
0 0 0
0 500 1000 0 500 1000 0 500 1000
x10”° X107 X107
2 3 3
1.5
2 2
1
1 1
0.5
0 0 0
0 500 1000 0 500 1000 0 500 1000

Lyapunov functions values evolution (from left to right and top-down,
vb17 Vb2> Vb37 Vr1> Vr2> Vr3)



Adaptive ORC Example

Example C:

yi = gi(x) =x"Qx,

Q—-P (/; I8¢ ) (/ ggTdt)1+(IP)Z,

As in the previous example we have 6 different g;. The matrix % is 6x18.
After an initial guess for Q it is recomputed between each interval of time.



Adaptive ORC Example, Trajectories

o2 E
02" 04 0 s 100 150 200 250 300 380 400 40 500

Upper nodes trajectories J1 error



Adaptive ORC: Control Trajectories

0.5 0.5 0.5
0 ‘]7 0 ‘]7 0 ﬁ]i
-0.5 -0.5 -0.5
0 200 400 0 200 400 0 200 400
0.5 0.5 0.5
0 —j— 0 —j— 0 _J—
-0.5 -0.5 -0.5
0 200 400 0 200 400 0 200 400
0.5 0.5 0.5
0 —J— 0 —j— 0 —j—
-0.5 -0.5 -0.5
0 200 400 0 200 400 0 200 400
0.5 0.5 0.5
0 ] 0 ] 0 ]
-0.5 -0.5 -0.5
200 400 0 200 400 0 200 400

Control signals. Tensions in cables are listed from top left to down right
corresponding to cables 1 to 12



Adaptive ORC: Singular values of matrix (%B)

x10° x10° x10° x10° x10° x10°
26— 12— 12/—— 12— 120—— 12—
1i— 10— i i— 11—
2
08 08 08 08 08
15
06 06 06 06 06
1
04 04 04 04 04
05
02 02 02 02 02
b ool Tl

0 0 0 0 0o —
0 500 0 500 O 500 O 500 0 500 0 500

Singular Values of the outer product of g during the simulation time



Conclusions

The ORC offers a multiple set of performance requirements, instead of just one
V.

The eigenvalues of Q do not have to be real.

The ES system forces the V; functions to monotonically reduce in time, and
this is much more severe than just asking just one V; to go to zero,

This severe requirement on the performance can cause the control effort to be
unreasonably large.

The ability to choose the entire matrix € instead of just its diagonal elements
offers greater flexibility to guarantee a solution

The adaptive ORC offers a more clever choice of Q.

It is ad hoc to find a good Q.

Then ORC method chooses £ to minimize this error over a finite time interval
(tl, tz).

In this sense, the method is similar in spirit to Model Predictive Control, except
that no linear model need be computed (the update of Q plays that role).
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