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A geometrically nonlinear finite element model of a composite curved beam is presented, accounting for
moderately large rotations of the cross-sections, moderately large shear strains, small axial strains, and
different elastic response of the material in tension and compression (bimodular behavior). A path
following procedure in displacement control is employed to compute the stability points and the post-
buckling response of the given model. Several comparisons are established with different numerical
approaches available in the literature, showing the accuracy of the proposed finite element scheme in
the unimodular case. Some original results on the in-plane and out-of-plane buckling of bimodular arches

highlight that the post-buckling response of such structures is strongly influenced by the ratios between
tensile and compressive moduli.
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1. Introduction

Over the last two decades, fiber reinforced composites have re-
ceived considerable attention in the field of civil engineering. Due
to their light weight, high tensile strength and corrosion resistance,
fiber reinforced polymers (FRPs) have been extensively employed
in combination with other traditional construction materials,
mostly for structural retrofitting and concrete reinforcement
[1-3]. Full FRP profiles have been employed as nonstructural
elements (pipes, waterspouts, gutters, etc.), and for the construc-
tion of bridge structures [4-6]. Other composite materials that
are receiving increasing attention in the area of civil engineering
are fiber-reinforced concretes and mortars. In this case, the addi-
tion of reinforcing fibers to the mix design may lead to significant
increases of basic properties of the final composite material, such
as, e.g., thermal resistance, tensile strength and material toughness
(refer to [7-9] and therein references). Regarding the shape of
composite profiles, it is worth noting that curved beams bear a
special relevance in the construction industry [10-16], since such
elements can be used to form special light-weight roof structures
and arch bridges [17,18].

Due to their characteristic slenderness, composite beams usually
need to be designed to prevent buckling more than material failure.
The available literature on the elastic stability of such elements is
mainly focused on thin-walled members, and the combined effects
of local and global buckling phenomena [19-22]. Their mechanical
behavior has been modeled through different approaches over the
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last years, both in statics and dynamics, with special focus on stress
analysis, shear and warping deformation, and geometrical nonlin-
earities [23-27]. The buckling behavior of composite elements with
different elastic response in tension and compression (hereafter re-
ferred to as “bimodular” behavior [28,29]) has instead received lim-
ited attention in the literature to-date. Nevertheless, depending on
the relative stiffness and strength of matrix and fibers, the moisture
content, and other factors, the elastic moduli of several real (artifi-
cial or natural) composites may be either greater in tension than
in compression, or vice versa (refer to [28-31] and therein refer-
ences). The study of such a phenomenon in fiber-reinforced con-
cretes and mortars awaits special attention, in combination with
the analysis of different material strengths in tension and compres-
sion, to be carried out via crack-bridging methods and variational
fracture models [32-34].

The present work investigates on the stability of laminated
curved beams made up of composite materials showing different
elastic moduli in tension and compression. Use is made of a sin-
gle-layer version of the geometrically nonlinear theory presented
in [35], which accounts for moderately large rotations of the
cross-sections, moderately large shear strains, and small axial
strains along the beam axis (cf. Section 2). The finite element
approximation of such a theory (provided in Section 3) is based on
Lagrangian isoparametric elements, a path-following procedure in-
spired by Batoz and Dhatt [35,36] and a bordering algorithm for the
computation of stability points [37,38]. The fiber-governed consti-
tutive model by Bert [29] is employed to capture the bimodular re-
sponse of the material. The numerical results presented in Section 4
show the accuracy of the proposed finite element scheme, by estab-
lishing comparisons with available theoretical and numerical
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Fig. 1. Finite element approximation of the beam axis.

results for both unimodular [39,40] and bimodular case [41]. Some
original results on the buckling behavior of bimodular composite ar-
ches are also given, highlighting some of the main features of the
bimodular response of such structures in the post-buckling range.
The conclusions of the present study are drawn in Section 5.

2. Kinematical model

Let us examine the deformation of a laminated beam from a
stress-free reference configuration By (Fig. 1). Throughout the pa-
per, we let C denote the plane curve corresponding to the axis of
Bo and S €[0,L] the associated curvilinear abscissa. In addition,
we let A; denote the unit binormal vector; A, the unit normal vec-
tor; and A; and the unit tangent vector to C (Frenet frame).

The kinematic model adopted in the present work corresponds
to a single-layer version of that presented in [35], which is based
on the following basic assumptions:

- the beam axis is a plane curve;

- the beam is loaded by forces acting either in the axis-plane or
out of the axis-plane;

- the beam axis may have arbitrarily large curvature;

- the generic cross-section remains unstrained in its own plane,
but can feature out-of-plane warping.

Accordingly, we describe a generic deformation of the beam
through the following displacement field [35]

U(X1.X2,5) = V(S) + [R(S) — IX1A1(S) + X2Aa ()] + Wr,r, (X)X As(S) (1)

where

- v(S) is the displacement field of the beam axis C;

- R(S) is the field of the rotation tensors of the cross-sections;

- lis the identity tensor;

- X; and X; are the coordinates of an arbitrary point of the current
cross-section X(S) with respect to A; and A,, respectively;

- Wy,r, (S) is the warping coefficient defined as the partial deriva-
tive of order |r| =r{ + 1 of us (X;, X3, S) evaluated at (X; =0,
X, =0, 8S), that is

8‘”113

S)=—F— 2
Wr1l’z( ) 6X;1 8X;2 i—0x,05) ( )
1=0,X2=0,

Said a and b two integers greater than or equal to 2, we let the indi-
ces r; and r; in Eqgs. (1) and (2) range over {0, 1, ...,a}and {0, 1, ...,
b}, respectively, in such a way that it results 2 < |r| <c, where
¢ =sup {a, b}. Throughout the paper, we refer to the following axial
component of the displacement field (1)

H

-—

1

2

Xi He
m
Xz
w= Z WHVZXTX;Z (3)
rn=0...,.a 1,=0,...,b
2<]ri<c

as the warping function of the beam cross-sections. We also make
use of the following power series expansion of R(S)

1 1
R(S)=l+®(5)+?®2(5)+§¢3(5)+--- (4)
@(S) denoting a skew tensor [35]. The displacement field (1) is com-
pletely characterized by the generalized displacements given by

ﬁ = {Ub U, U37(P17(P27(P3~,W20>W117W027' <oy Woo, .- aWOb} (5)

where vy, 15, v3 denote the Cartesian components of v; ¢4, @2, @3
denote the Cartesian components of the axial vector ¢ of ®; and
Wao, W11, W2, ..., Wao, ..., Wop denote the coefficients appearing in
the warping function (3) (we have here dropped the dependence
on S of the generalized displacements, for the sake of simplicity).
We let m,, denote the number of warping coefficients (correspond-
ing to the particular choice made for a and b), and m =6 + m,, the
total number of the generalized displacements characterizing the
present model.

On the basis of the above assumptions, a moderate rotation the-
ory of laminated curved beams has been fully developed in [35], to
which we refer the reader for the details. We will illustrate some of
the main features of such a theory in the following sections.

3. Finite element model

Let C" denote a finite-element discretization of the beam axis

into a collection of four-nodes Lagrangian elements Ci,...,Cp,
(Fig. 1)
Ne
= e (6)
e=1

On adopting isoparametric elements, we use the same shape func-
tions to approximate both the geometry and the displacement field
over the generic finite element C,, that is

n n n
Zy =3 "NiZo,, Z5, =) NiZy, wi=> N (7)
I=1 1=1 I=1
where N; is the shape function corresponding to node I, which con-
sists of a complete polynomial of order n — 1; Z,,, and Z3, are the
Cartesian coordinates of I in the global reference frame {0, Z;, Z,
Zs3} (Fig. 1); @, is the generalized displacement vector relative to
node I.
The transformation which maps the straight master element
into a curved (cubic) element, is graphically represented in Fig. 2.
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Fig. 2. Transformation of the master element into the current element of the beam axis.

The Jacobian of the transformation from the normalized coordi-
nate ¢ (Fig. 2) to the curvilinear abscissa X3 =S (Fig. 1) is given by

[42]
J= d;is Mdjge) +(dz“) J(ZN, Zz,) (;i;N"‘:ZB’) (8)

where N is the derivative of N; with respect to ¢, and Z,, and Z3,
are the in-plane Cartesian coordinates of node I (Fig. 2). Conse-
quently, the derivative of N; with respect to X3, which we denote
by the apex ’, may be written as follows:

VL

ax 9)

Let now M = 4m denote the total number of generalized displace-
ments that characterize the kinematics of the generic finite element
Ce. It is convenient to rewrite (7); into the following matrix form:

—NU, (10)

where U, is the M-dimensional vector collecting all the generalized
displacements of C, <Ue = [a],a], .. af] T), while N is the following

=] "Ny¢

Here, By and B;(U,) are the following ¢ x M matrices:

B =[Bo,,Bo,,...Bo,], Bi(Ue) = A(Ue)G (15)
with the ¢ x m submatrices By, defined through:
B’ B 0
0 B’ 0
Bpb=(0 0 0 (16)
0 o0 By
0 0 By
where
Ny 0 0 0 -N; 0
B =B;’=|0 N, N/R|, Bf=|N 0 0
0 -NJ/R N, 0 0 0
ng[mwxmw] = dlag(N,N, .. .N,),
By " my = i98(NIN;...N)) (17)

matrix: The A and G matrices appearing in Eq. (15), are instead given by:
N[nxl\/l]:[leNLN] (11) AU
. " A(UE)[ng] = |: (0 e):|-, G[QXM] = [(;17627' . '7GJ’J (18)
with
Nipm.y = diag(NiNy ... Ny) (12)  where
Starting with the approximation (10) of the element (generalized) [Ny 0 0 0 0 0]
displacement vector @/, we are led to the following approximation 0O N OO 0 O
of the o-dimensional vector of the generalized strains of C, 0 0N O 0 O
(O'=9+2mw, cf. [35]) 0 0 0 NI 0 0
EM(U,) = EVM(UL) + L E2M(UL, U,) 13y Gom =[G.0, Gpg=|0 0 0 0 N 0 (19)
2 0 00 0 0N
where 0 0 0 N 0 O
E(NU,) = BoU,, E2"(U,,0U,) = B,(U,)oU, (14) 0 0 0 0N ©
L0 0 0 0 0 NJ
o 2 § § N 0 0o ]
— s 0 0 0 & (v +%) 0 0 0
v, (h+%)  (%+3) 0 0 0 0 0
/ 2 v _ b s 3 3 b3 [
(-#i+%) 0 0 o (¥-%+3)  (3+%) 0 § (-2 +%)
— b P | ¢y ¢ 2 h L U3 1 ¢ 3 3 ¢
AUe)g,q = 0 (~#5+%) (-%+8) (-%+%) (F+a+%) -3 Z 0 »-%2-%| (0
0 0 o (-%-w) 4 % ¥ -4 0
0 0 0 o (%@ (R+n) 0 (-t H) (%)
Y b / ' b
0 0 0 (—7+?) 0 &, 0 (—¢s +%)
| o 0 0 0 0 4 (—¢ + %) @) 0 ]
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3.1. Branch switching procedure
The potential energy of the present beam model is given by:

T(1; ) =

(21)

where D denotes the ¢ x ¢ generalized elasticity matrix; A denotes
a multiplier of the external loads; q and q®® (i) denote the first-or-
der and second-order generalized forces per unit length, respec-
tively; and QY’, Q" and Q' ((0)), Q' (ta(L)) denote the first-
order and second-order generalized forces acting on the bases of
the beam, respectively (check Ref. [35] for further details). We here
generalize the expression of D given in [35], in order to account for
bimodular response of the composite material that forms the beam.
This is obtained by introducing the following expressions of the lo-
cal elastic moduli, which appear in the expression of D provided in
Appendix A

Qj = [1 - H(E33)]Qy + H(E33)Qy (22)

Here, E;4 is the component of the Green-Saint Venant strain tensor
in the direction of the fibers forming the composite material (3’
axis); Qg are the elastic moduli of the material when such fibers
are elongated (Ey3 > 0); Q; are the elastic moduli when the same
fibers are instead shortened (Ey3 < 0)); and H(Ey ) is the Heaviside
function

0, if Eyy <0

23
1, ifEy3 =0 3)

HiEss) = {
Let us now denote the finite element approximation of the potential
energy (21) by II"(U, 1), where U indicates the overall (global) gen-
eralized displacement vector. We write the equilibrium equations
of the present finite element model into the following variational
form:

SIT" = SU'R(U, 1) (24)

where 511" is the first variation of IT" with increment 5U; and R(U, 2)
(residual vector) is the derivative of IT" with respect to U. Egs. (10),
(13) and (14) of the previous section allow us to rewrite (24) as
follows:

SU'R(U, 2) = sU{K(U)U - [Q" + Q@ W)} =0 (25)

where K(U) is the N x N global stiffness matrix, N denoting the total
number of degrees of freedom of the overall finite element model,
while QV(U), Q®(U) are the global force vectors, which derive from
the assembly of the element vectors

1 1

Q- [ N @MW~ [ NaPuod (26)
1 -1

and the nodal force vectors Q' (1), Q¥ () I =1,2,...,n,). The

global stiffness matrix K(U) is obtained by assembling the following
element matrices Ke(e=1, 2, ..., n¢)

1
K.(U.) = 1 1 [Bg+B{(Ue)} S(U,)Jd¢ 27)

with S denoting the generalized stress vector defined through

Eahr:ﬁﬁo+%makﬂue (28)

Due to the arbitrariness of 6U, Eq. (25) is equivalent to the following
nonlinear system of N equations

R(U,2) =KU)U-2[Q" +Q? ()] (29)

that can be solved through the path-following procedure provided
in [35], in order to follow an arbitrary equilibrium path of the finite
element model at hand. We say that a couple U, A is a stability point
of a given equilibrium path if there exist some nonzero V (buckling
mode) that solves the following variational equation [43]

DZII1M(U, 2)VoU = sU'Kr(U, )V = 0 (30)

for each variation 6U of the global displacement vector U. Eq. (30) is
equivalent to the following system of N algebraic equations

K (U, )V =0 (31)

where K7 is the tangent stiffness matrix provided in Appendix B. In
order to exclude the trivial case V = 0, we append the following con-
straint equation

eV—_Vo=0 (32)

to (31), with V, being a given value of the pth component of V. After
reducing Ky to an upper triangular matrix (by Gauss elimination),
we identify the index p in (32) with the entry of the lowest diagonal
term of the reduced stiffness matrix. Concerning V,, we set

e; Vo

0= m (33)

with Vj being the initial approximation to V.
We classify stability points into limit (or turning) and bifurca-
tion points according to the following criterion [37,38]

Bifurcation Point :  V'(Q"" + Q@ (U)) =0 (34)

Limit Point : V' (Q" +Q@W)) =0 (35)

An efficient procedure for the computation of stability points of fi-
nite element models has been proposed by Simo and Wriggers in
[38]. It consists of solving the extended system:
R(U,7)
N ) Kr(U, 1)V
R"(U,V, ) = EATA =0 (36)
T
e, U—pu
which derives from the addition of Egs. (31) and (32) to (29).
Since the tangent stiffness matrix becomes ill-conditioned as
the solution of (36) approaches a stability point, it is convenient
to transform the extended system (36) into the following equiva-
lent form [38]

R(U, %) +n(ejU — e,
Kr(U, )V + n(elT,V -Vo)e,
eIT,V -V
eU—pu

R™(U,V, i, p) = =0 (37)

with # being an arbitrary positive number. The Newton-Raphson
linearization of (37) leads to obtain the incremental equations
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K, 0 -Q -ne] (AU R(U, /) + q(egu - ,u) e
Du(KTV) KT” D,‘ (KTV) 0 AV B KT(U,;L)V _ (nvo)ep
0 e 0 0 [ ar| |ev-v,
e 0 0 -1 Au U
(38)
where
Q=-Q" +Q% ) (39)
Kr, (U, 1) =Kr(U, 1) + nepeg (p not summed) (40)

The nonsymmetric system (38) can be approached through the fol-
lowing bordering algorithm [29], where TOL denotes a prescribed
(dimensionless) tolerance.

1. Assume a predictor U, V, 7, ji and evaluate

R=R(U,7), K, =K (U7, Q?=Q%WU) (41)
2. Compute the partial solutions from (38),
AU, = K;'(Q" + Q@)
AU, = —K;}}R (42)
AU; = —K;”] e,
3. Compute the partial solutions from (38),
q; = Rf,,lhl
©= I:(;”l . 43)
q; = Kf,,l hs
44 = f(f,,l h,
where
= Dy(KrV)AU,
mﬁziiﬁﬁiiﬂ; <44>
hy = D;(K;V)

4. Compute A. and Ap.The increments AL and Ap can be computed
from Eq. (38)3_4, Which can be written as

et +aq)  neds MM } _ {gl} (45)
e,AU; (ne,AUs — 1) | L Ap g
where
&1 = Vo~ la; + 1VoAUs +71(u - elU)q;] a6)
= pt—e;[U+ AU, + (i — e;U)AUs]
5. Compute AU and AV from the equations
AU = AJAU; + AU, +11(uA,u—elT,INJ)AU3 )
AV =-V+Aiq, +qy) +q +1 [(,u+ A egﬁ)q3 + V()AV;]
and update: U=U + AU, V=V 4+AV, 2=71+Ai p=jl+[L
6. If
R'(U,V, 4,
|u||<<f“(> + Q<2>{3y>u B )
Then stop. Else Go To 2 and set U=U, V=V, i=/ j=/u.

The expressions of the vectors h; (j=1, ...,
(44) are provided in Appendix B.

In correspondence with each point of a given equilibrium path,
we check the sign of the determinant of the tangent stiffness

4) appearing in Eq.

matrix, which is a relatively simple operation, since the path-fol-
lowing procedure here used to solve the equilibrium problem
(29) requires the factorization of Kr [35]. If the sign of det (Kr)
changes between two successive equilibrium states, say the ith
and the i+ 1th ones, we enter the above bordering algorithm on
assuming U =U"", =" i=elU"", V=V, =K;'e, as first
predictor. Once a stability point U,, 1. has been computed, we de-
tect if it as a limit or a bifurcation point, according to (34) and (35).
In the case of a limit point, we switch back to the path-following
procedure to complete the primary equilibrium path. In the case
of a bifurcation point, we instead switch the path-following proce-
dure to the secondary (or bifurcated) path, by adding a vector pro-
portional to the eigenvector V to the stability point U, [35]. We
arrest the calculations when the cross-section rotations and/or
the shear strains of the examined model are more than moderately
large, or the axial strains are no longer infinitesimally small.

4. Numerical results

We present in this section some numerical results dealing with
the stability points and the post-buckling behavior of illustrative
examples of straight and curved beams. We start presenting some
results concerned with unimodular beams (same behavior in ten-
sion and compression), which aim to show the accuracy of the
present model, by way of comparison to classical beam theories.
Next, we present some original results concerned with the stability
of bimodular composite beams.

In all the examined examples, we assume that beam cross-sec-
tion is rectangular with dimension H; and H, along the directions
X; and X, respectively. We denote the cross-section area by
A =HH;; the moments of inertia by I; and I,; the polar moment
of inertia by I; and the De Saint Venant torsional rigidity by J;

1 1
12 12 i,

Concerning the warping function w, we examine the following cases

Lh=-HH, L= Ie=h+h, ] = —H3H2 (49)

- No Warping (NW): w = 0.

- W1 Warping Function: w = w11 X;X5.

- W3 Warping Function: w = waoX3 + w11 X1 X2 + WoaX3 + wseX3+
W21X$X2 + W12X1Xg + W03X§.

We make use of a four point Gauss quadrature formula to com-
pute the tangent stiffness matrix, and its derivatives. In the case of
a bimodular material, we also use a Gauss quadrature formula to
numerically integrate the generalized elasticity matrix of each
lamina of the beam (cf. Section 3.1).

4.1. Buckling of unimodular beams

The first results that we present are concerned with the lateral
buckling of straight and curved beams featuring isotropic unimod-
ular material (Poisson’s ratio equal to 0.3).

We start analyzing the lateral buckling of a moderately deep,
simply supported beam transversally loaded at the mid-span (H;/
H, =0.1, L/H; = 10). Three different load conditions are considered:
load at the centroid; load at the extrados (X; = 0, X, = —H3/2): and
load at the intrados (X; = 0, X5 = +H,/2). It is easy to show the last
two cases give rise to deformation-dependent loading
(Q(U) = 0).

Table 1 shows a comparison between the bifurcation points
computed through the present theory (PT) and those correspond-
ing to classical Prandtl’s theory (CT, see, e.g., [39]). The PT-results
were computed through a bilinear warping function (W1), assum-
ing either geometrically nonlinear pre-buckling behavior (NLPB),
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Table 1
Lateral buckling of a deep simply supported beam loaded by a transverse force Q at the mid-span (H;/H, = 0.1, L/H = 10, 20 finite elements).
CT-LPB PT-LPB CT-NLPB PT-NLPB
Load at the centroid
/L x 100 0.4380 0.4483 0.4401 0.4520
2Bif 16.940 16.902 17.020 17.040
Load at the extrados
/L x 100 0.4053 0.4152 0.4071 0.4183
2Bif 15.752 15.654 15.745 15.772
Load at the intrados
/L x 100 0.4656 0.4832 0.4743 0.4874
2Bif 18.127 18.215 18.346 18.376

CT: Classical Theory
PT: Present Theory
vy: mid span in-plane displacement

LPB: Linear Pre-Buckling
NLPB: Nonlinear Pre-Buckling

Zair = Quy/ (VERGT/L?)

Table 2

Lateral buckling of a hinged semicircular arch and a clamped semicircular arch
subject to uniformly distributed dead load q along the centerline (H;/H,=0.1, L/
H, =10, 20 finite elements).

Znir = any/ (VER/R?)
Classical theory

1.9358
13.514

Present theory

1.9361
13.774

Hinged arch
Clamped arch

or linear pre-buckling behavior (LPB). The first case is analyzed
through the present finite element model, while the second one
corresponds to a simplified version of such a model, obtained by
discarding the part K; of the tangent stiffness matrix (cf. Appendix
B). In the NLPB case, we suitably generalize the original Prandtl’s
theory, by using the present model, neglecting shear deformation,
warping-and quadratic-terms of the axial strain field [35], and
assuming torsional stiffness equal to Gl The results in Table 1
highlight the PT very well agrees with the CT in all the examined
cases.

We now pass to study the lateral buckling of moderately deep
semicircular arches that are either hinged or clamped at the ends.
The loading condition consists of a uniform radial dead load along
the centerline. Table 2 shows that the results of the present theory
(W1 warping model) are in good agreement with those obtained in
[39] (through the classical beam theory) in each of the above cases.

Next, we study the snap-through buckling of a shallow circular
arch clamped at the ends and carrying a central point load, which
has been studied by Dawe in Ref. [40] through Marguerre’s shallow
arch theory. The analyzed arch has a base length of 863.6 mm, a
central rise of 27.69 mm and a cross-section with width of
25.4 mm (H;) and thickness of 4.76 mm (H,). The material is iso-
tropic with Young’s modulus E = 72,395 N/mm?. We show the load
vs. central deflection and load vs. axial thrust curves obtained
through the present model and Dawe’s theory in Figs. 3 and 4. It
is seen that such theories are in rather good agreement each other.

4.2. Buckling of bimodular beams

The present section deals with the buckling and post-buckling
behavior of straight beams and laminated arches made up of
bimodular materials.

First, we consider the buckling problem of an axially loaded
simply supported beam made up of an isotropic bimodular mate-
rial (H;/Hz =1, L/H, = 10), using a Gauss quadrature formula with
12 points over the beam thickness to compute the (generalized)
elasticity matrix. Fig. 5 shows the load vs. center deflection curves
that we obtain through the present model for several values of the

150
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—— PRES.THEORY
oocooo DAWE

0 T T T T T T T T T
0 10 20 30 40 50

CENTER DEFLECTION (mm)

Fig. 3. Load-central deflection curve of a clamped shallow arch carrying a central
point force.
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x
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lF
| \/..a.‘;';';:-*\\, PRES.THEORY
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0 . . . .
0 800 1600

AXIAL THRUST (N)

Fig. 4. Load-axial thrust curve of a clamped shallow arch carrying a central point
force.

ratio between the Young modulus characterizing the material re-
sponse in compression E-, and the analogous modulus in tension
E" (m = E~/E" bimodularity ratio). The present results are compared
with those obtained in Bruno et al. [41] through an “imperfect”
beam model showing an initial deflection equal to 1% of the beam
length.
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(P/E™H,H,) *1000
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ccooo BRUNO et al.

V/’Hz
Fig. 5. Load-central deflection curves of axially loaded bimodular beams.

It can be observed that the load-deflection curves in Fig. 5 are
not sensitive the bimodularity ratio m before buckling, and in the
very initial part of the secondary equilibrium path (close to the
buckling point), since in such regions the beam is under uniform
or slightly nonuniform compression. As soon as the material “feels”
tensile strains and stresses (post-buckling range), the response of
the beam instead appears markedly influence by the actual value
of m. In particular, the curves corresponding to m = 1 (effective
bimodular behavior) exhibit stable behavior for m >1 (material
stiffer in tension than compression), and unstable behavior for
m <1 (material stiffer in compression).

The last two examples we study are concerned with in-plane
and lateral buckling of laminated semicircular arches, which are
hinged at the ends and carry a radial dead load uniformly distrib-
uted along the centerline (Fig. 6, R/H, = 10).

The examined arches have a 0°/90°/90°/0° lamination scheme
(Fig. 6) and are formed by the same composite material in each
layer, whose elastic properties are given in Table 3. A Gauss quad-
rature formula with 4 x 4 points over the cross-section of each
layer is employed to compute the elasticity matrix.

We first examine an arch with transverse aspect ratio Hy/H; = 2,
and deal with its in-plane buckling, which represents the first
bifurcation point of the fundamental equilibrium path in the pres-
ent case. Fig. 7 shows the load vs quarter point radial displacement
curves obtained for three different bimodularity ratios (m = 0.5,
1.0, 2.0), and two alternative warping models (NW and W3). An
appreciable influence of warping effects on the buckling load can
be observed (7% difference between the buckling loads predicted
by the NW and W3 models). This is explained by the considerably
large shear deformability of the examined composite, material
which exhibits rather small ratios between the shear moduli and
the Young modulus in the direction of the fibers (cf. Table 3). As
in the previous example, the post-buckling behavior is stable for
m <1 (greater stiffness in tension than compression) and unstable
for m > 1 (greater stiffness in compression).

Next, we consider an arch with a moderately deep cross-section
(H1/H>=0.1), and analyze its lateral buckling (first bifurcation
point of the fundamental equilibrium path for such an arch), on

Table 3
Elastic moduli of the bimodular material forming the layers of the arch in Fig. 6.

Young's moduli: Ej =Ey/m, Ey=E, =Ey/25
Shear moduli: Gy =Gyy =E5 /50, Gyy =Ez /125
Poisson’s ratios: Uygr = Upy = Uyy = 0.25

3’ fiber direction, m bimodularity ratio

IHE

o88e

Z;

Fig. 6. Loading scheme of a 0°/90°/90°/0° laminated arch featuring bimodular
behavior.

q/(E"sH)

m=E"y/E"y

Vz/Hz

Fig. 7. Load vs. quarter point radial displacement for in-plane buckling of a
laminated bimodular arch carrying a uniform radial load q (0/90/90/0 lamination
scheme).

considering the warping models W1 and W3 (trivially, it makes
no sense to consider the NW model in the present case), and the
same bimodularity ratios of the previous example. Fig. 8 shows
the load-quarter point lateral displacement curves corresponding
to the arch under examination. One can observe that the analyzed

15 - m=0.5
1
2
gy
I 1.0+
| "
=
™~ SN
o w1
------ w3
0.54
m=E"3/E'y
H,/H;=0.2 - R/H;=10
0.0 T T T
0.0 0.5 1.0 1.5

vi/ H,

Fig. 8. Load vs. quarter point lateral displacement curves for lateral buckling of a
laminated bimodular arch carrying a uniform radial load g (0/90/90/0 lamination
scheme).
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warping models lead to almost coincident results, which implies
that the W1 model is able to accurately describe the problem at
hand. The post-buckling response is stable for m < 1. For m=2
the response is instead initially unstable and then progressively
turns to stable.

5. Conclusions

We have developed a finite element model that is able to ana-
lyze the geometrically nonlinear response, as well as the buckling
and post-buckling behaviors of composite curved beams featuring
different elastic response in tension and compression. The pro-
posed model is based upon a single-layer formulation of the
mechanical theory given in [35], which accounts for warping defor-
mation, moderately large cross-section rotations, moderately-large
shear strains, and infinitesimal axial strains in correspondence
with the beam axis. Since no assumptions have been made on
the magnitude of the beam axis curvature, the given model indif-
ferently applies to straight, shallow and strong curvature beams.

The numerical results provided in Section 4.1 have shown that
the present numerical model accurately reduces to classical beam
theories in the case of buckling problems of both straight and
curved unimodular beams.

We have also presented some numerical results on the buckling
and post-buckling responses of straight and curved beams featur-
ing bimodular behavior (Section 4.2). In the straight beam case,
the present model has been validated against the model proposed
by Bruno et al. in [41], observing an excellent matching between
the two analyzed approaches. The results for the curved case have
been concerned with the in-plane and out-of-plane buckling of
laminated composite arches featuring different ratios between
the longitudinal Young modulus (Young modulus in the fiber-
direction) in tension and compression. In all the examined prob-
lems we have observed that the bimodularity ratio of the material
strongly affects the post-buckling behavior of the beam, leading to
stable response when the material is stiffer in tension than com-
pression, and unstable (or slightly unstable) response in the oppo-
site case. We have also observed that warping effects play a
significant role on the buckling loads of composite beams (for both
in-plane and out-of-plane buckling), due to the high shear-defor-
mability of such structures.

The present work paves the way to extensive numerical studies
on the bimodular response of straight and curved composite beams
subject to different loading and boundary conditions. Another rel-
evant generalization of the current research concerns the exten-
sion of the proposed beam model beyond the elastic regime, in
order to capture asymmetries in the material response due to dif-
ferent strengths in tension and compression, Additionally, we ad-
dress a mesh-free formulation of the present model, based on
local-global approximating functions selected by maximum entro-
py [44-46], and/or nonconforming finite element schemes [47], to
future work.
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Appendix A
The generalized elasticity matrix of the present model is a

square symmetric matrix of size g x g, which can be written in
the following partitioned form

DNE DN@ DNF DNW DNW’
DMG) DMl' DMW DMV\/

D= ) DT p™ p™ (A1)
Sym - D™ D™
DW’

The following equations provide the expressions of the different
submatrices appearing in Eq. (A.1), having denoted the values of
the indices r; and r, corresponding to the kth warping term w;,,,
by ki and k-, respectively.

Js dz 0 Jy &rd=

DVE — Jy % dx 0 (A2)
Sym Jy &rd=
fz QSB)%dZ 7‘/‘2 Q53)%d2 7]): QSSXTZdE
D¢ = 0 0 Js Quapd= (A.3)
f): Q33)%dz fz Q33)%d2 _f): QSS)%dZ
2 2
[ Qs FdE — [;Qs3ZdE — [ Qs ¥52dE
D" = 0 0 0 (A4)
" 2 n 2 3
fQuFdE  [;Qu3dE - [ QyX2dE
p™ [D{‘,ﬂw} i=1,2,3; k=1,2,...,m,
DY = /2 ki1Qss X171 X52dx, DY
_ /Z ko QX X214, DY — /Z kiQusXIXdE (AS)
(no sum on kq, k)
D" — [Df,iw'] i=1,2,3 k=1,2,....m,
quXI(2
DY = / Qs3 2 dx, D =0, DYV
Kl Ky
/ Q33X X ds (A.6)
Qs 8dE — [;Queds - [, Qss%dE
DVo — Js Qs dz J QuaXiXedx (A7)
Sym Js (Qua3i+ Qs 2)dz
. 3
[QnMds [QufdE - fQn"idx
2
DMF = —fz Q33]_2]d2 —f; (233)%‘1Z fy_ Q33)ﬂd2
3
~fQsfRdr - Qs dE Qs MRdE
(A.8)
pMv — [D%ﬂi:l,zj; k=1,2,...,my
DY = /21<1Q35X'1<"1X§2 “1ds (no sum on ky)
DY — — /z ki Qas XS X52dz (A.9)

DY — / k1 QXS 1X 1 / ki Qss XK1 XK 1S (no sum on ki, ky)
JE

pYv [Df‘;’w}17123 k=1,2,...,my
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XK1 xKa+1 y
phY — / Qu1—dz, D}
XK2+1 Xk
/ Q-2 dx, piv

Xk X1<2+1
- /2 Qs; %dz (A.10)

4 232 3
JeQu e [;Qu 52dE — [; Qy ™2 dE
4

J5 Q33 )](—fdz — J5 Q33 )i 2dx
Sym J Qag%dz

D™ = (A11)

D™ [D”‘”]lfl,z,& k=1,2,...,m,

ik

XK1+1XK2
Df;v_/1<1Q35 Fedz, Dy

xKa—1xKz+2
:/>:I<1Q35%d21 Dng

XK1 xKa+1
= —/k1Q35#d2
b

] (A12)

(no sum on ky)

D™ — [D{;W]l_l 2,3 k=1,2,...,m,

XK1+2XK2
DY = [ @n ™t iax, D
2

XK xKa+2
- /2 Qu>1—dz, DYy

XKt ko 41
—/EQag%dZ (A13)

D™ =[Dy'i=1,2,3; k=1,2,...,m,
DI — / Ky QX K12t e g
JZ

+ / hyki QueXT 1 X122 2145 (no sum on hy, hy, ki k) (A14)
=
D™ — [D,f,‘:”]h,k: 1,2,....m

Dy = / hi Qg3 X171 X225 (no sum on hy) (A15)
z

Appendix B

Let us compute the derivative of the stiffness matrix defined by
Eq. (27). Accounting for the symmetry of the bilinear form B (U.)-
AU,, we easily obtain the equation
D(B.(U.)U,)AU, = 2B, (U,)AU, (B.1)
which can also be written as

[DB](U,)AU.|$(U,) = G'S(U.)GAU, (B.2)

where S is the following 9 x 9 symmetric matrix

[sNy 0 00 M —N, 0 0 —M,
Ns 20 My N 0 0 ~M,
Yo oo L
N I
(eme) v w0 eeap
(F+d) Hf G o
P, Py 0
Sym Py 0
(P1+P2) J
(B.3)
By discarding second-order terms, we hence obtain:
DK, (U),AU, = [Ko, + Ki, (Ue) + K, (Ue)]AU, (B.4)
where
o1 N
Ko, — / B! DB,Gd¢ (B.5)
J-1

K, (U,) = / [BTDBL(U )+B{(Ue)f)Bo+BZ(Ue)ﬁBL(UE)]Gd§ (B.6)

Ke, (U / G'S(

are the initial stiffness matrix; initial displacement stiffness matrix;
and geometric stiffness matrix of the current element, respectively.

We compute now the derivative of the element second-order
force vector Q' (U,) defined in Eq. (26),, obtaining

)G Gd¢ (B.7)

1 ~
Ko, = DQ” (U,)AU, = / N'CNAU,Gd¢ (B.8)
-1
where
0 0O
E[m><m] = 0 E 0 (Bg)
0 0O
. —Cx 1(Ca+Cn) 1C3
Cxz = | 3(Cia+ Ca1) Cn 1Cs (B.10)
%C31 %C32 —(Ci1 4+ Cx)

with Cj; being the components of the second-order tensor C defined
in [35].

For what concerns the second-order nodal force vectors, we
obtain

DQ? () Aty = C,Aly, (B.11)
where
0 0 O
G =[0G o (B.12)
[mxm]
0 0 O
~ 7C122 %(Chz + C121) %Clﬂ
[3C§] = %(Cllz + C121) CIH %Claz (B13)

%C131 %Cbz _(Cln + C’zz)
with C; being the components of the second-order tensors C; de-
fined in [35].

The total tangent stiffness matrix of the generic element is
therefore given by

Kr(U,2) = K, + K, (U) + K¢(U) — 2Kq (B.14)

where Ko, K; and K are the global versions of the matrices defined
by Eqs. (B.5)-(B.7); while Kg is the load-correction matrix deriving
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by the assembly of the element matrices (B.8), and the nodal matri-
ces (B.11). From equation (B.14), we easily deduce:

DK (U, )V = KoV (B.15)

We end by computing the generic element contributions to the h;
vectors introduced in Eq. (44) of the main paper (i = 1,2.3). Making
use of Egs. (B.4)-(B.8), (B.15), and discarding second-order terms,
we obtain

]

h, = — 1 :1 { [Bg + BL(Ue)] Tf)BL(AUeJ) + B} (AU,)D [BO + B{(Uej)]

+G'AS;G\VGde (j=1,2,3 B.16
]

where A§j is a 9 x 9 matrix obtained through Eq. (B.3), by replacing
the generalized stresses S with the incremental stresses

AAj = f)[Bo + BL(Uej)]AUej (B.17)
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