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a  b  s  t  r  a  c  t

We  present  a design  methodology  for tensegrity  bridges,  which  is  inspired  by  parametric  design  con-
cepts,  fractal  geometry  and  mass  minimization.  This  is a topology  optimization  problem  using self-similar
repetitions  of  minimal  mass  ideas  from  Michell  (1904). The  optimized  topology  is parametrized  by two
different  complexity  parameters,  and  two aspect  angles.  An iterative  optimization  procedure  is employed
to  obtain  minimum  mass  shapes  under  yielding  and  buckling  constraints.  Several  numerical  results  are
presented,  allowing  us  to  explore  the  potential  applications.  The  given  results  show that  the minimum
eywords:
ensegrity structures
orm-finding
inimum mass

ridges
arametric design

mass  complexity  of the  optimized  bridge  model  has a multiscale  character,  being discrete  with  respect  to
the first  complexity  parameter,  and markedly  or infinitely  large  with  respect  to  the  second  complexity.

© 2013 Elsevier Ltd. All rights reserved.
ultiscale complexity

. Introduction

The subject of form-finding of tensegrity structures has
ttracted the attention of several researchers in recent years, due
o the special ability of such structures to serve as controllable sys-
ems (geometry, size, topology and prestress control, cf, e.g., Tilbert
nd Pellegrino, 2011), and also because it has been recognized that
he tensegrity architecture provides minimum mass structures for

 variety of loading conditions, including structures subject to can-
ilevered bending load; compressive load; tensile load (under given
tiffness constraints); torsion load; and simply supported boundary
onditions (e.g. a bridge), without yielding and buckling (refer, e.g.,
o Skelton and de Oliveira, 2010a,b,c; Skelton and Nagase, 2012,
nd references therein). Other additional advantages of tensegrity
tructures over more conventional control systems are related to
he possibility to integrate control functions within the design of
he structure: in controlled tensegrity systems the mechanics of
he controller and the structure can naturally cooperate, through
Please cite this article in press as: Skelton, R.E., et al., Minimum mass desi
complexity. Mech. Re. Commun. (2013), http://dx.doi.org/10.1016/j.mechr

he change of the configurational equilibrium of the structure, as
pposed to traditional control systems, where often the control
ushes against the equilibrium of the structure. It is also worth

∗ Corresponding author. Tel.: +39 089 964083; fax: +39 089 964045.
E-mail addresses: bobskelton@ucsd.edu (R.E. Skelton), f.fraternali@unisa.it

F. Fraternali), gcarpentieri@unisa.it (G. Carpentieri), micheletti@ing.uniroma2.it
A. Micheletti).

093-6413/$ – see front matter ©  2013 Elsevier Ltd. All rights reserved.
ttp://dx.doi.org/10.1016/j.mechrescom.2013.10.017
noting that it is possible to look at a tensegrity structure as a mul-
tiscale sensor/actuator, which features highly nonlinear dynamical
behavior (geometrical and/or mechanical nonlinearities), and can
be controlled in real time (Skelton and de Oliveira, 2010c; Fraternali
et al., 2012).

Particularly interesting is the use of fractal geometry as a form-
finding method for tensegrity structures, which is well described in
Skelton and de Oliveira (2010a,b,c). Such an optimization strategy
exploits the use of fractal geometry to design tensegrity structures,
through a finite or infinite number of self-similar subdivisions of
basic modules. It looks for the optimal values of suitable com-
plexity parameters, according to given mechanical performance
criteria, and generates admirable tensegrity fractals. The self-similar
tensegrity design presented in Skelton and de Oliveira (2010a,b,c)
is primarily focused on the generation of minimum mass structures,
which are of great technical relevance when dealing, e.g., with
tensegrity bridge structures (refer, e.g., to Bel Hadj Ali et al., 2010).
The ‘fractal’ approach to tensegrity form-finding paves the way to
an effective implementation of the tensegrity paradigm in paramet-
ric architectural design (Sakamoto et al., 2008; Rhode-Barbarigos
et al., 2010; Phocas et al., 2012).

The present work deals with the parametric design of tensegrity
bridges, through self-similar repetitions, at different scales of com-
gn of tensegrity bridges with parametric architecture and multiscale
escom.2013.10.017

plexity. Michell (1904) derived the minimal mass topology when
superstructures is only allowed above the roadbed. Deck design
requires structure below the roadbed. Here we  integrate the two
to minimize mass of the total bridge. The design variables consist

dx.doi.org/10.1016/j.mechrescom.2013.10.017
dx.doi.org/10.1016/j.mechrescom.2013.10.017
http://www.sciencedirect.com/science/journal/00936413
http://www.elsevier.com/locate/mechrescom
mailto:bobskelton@ucsd.edu
mailto:f.fraternali@unisa.it
mailto:gcarpentieri@unisa.it
mailto:micheletti@ing.uniroma2.it
dx.doi.org/10.1016/j.mechrescom.2013.10.017
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Fig. 1. Michell frames for a centrally loaded beam.

f two complexity parameters and two aspect angles, which rule
he geometry of the superstructure and the substructure. The itera-
ive procedure proposed in Nagase and Skelton (2014) is employed
o generate minimum mass shapes under yielding and buckling
onstraints, for varying values of the design variables. We  begin
y formulating the present bridge model in Section 2, and summa-
izing the employed minimization strategy in Section 3. Next, we
resent a variety of numerical results, which illustrate the poten-
ial of the proposed design strategy in generating minimum mass
hapes of tensegrity bridges in association with different search
andscapes (Section 4). A key result that we observe is that the mini-

um mass topology of the tensegrity bridge features two  different
discrete–continuous) structural scales, which are related to the
wo employed complexity parameters. We  end by presenting the

ain conclusions of the present study and future work in Section 5.

. Tensegrity bridge model

In a famous work dated 1904, A.G.M. Michell examines the
roblem of finding the minimum volume network of fully stressed
russ elements, which transmit a vertical force applied at the mid-
le point C of a given segment AB to two fixed hinge supports
pplied at A and B (Michell, 1904). On pages 594–597 of this
ork, Michell deals with a truss network spanning a 2D continuous
omain including the points A, B and C along its boundary (cen-
rally loaded beam), and assumes that the material of such a domain
s homogenous. Without entering the mathematical aspects of

ichell’s problem (refer, e.g., to Bouchittè et al., 2008), we notice
hat the Michell topology under consideration includes a portion
E of a circumference centered in C, the segments DA and EB lying
n the tangents in D and F to the arch DE, and all the radii of the
ircular sector CDE (cf. Fig. 1, where the compressive elements (or
ars) of the Michell frame are represented through thick black lines,
hile the tensile elements (or strings)  are represented through thin

ed lines). Such a topology can be applied to both the regions placed
bove and below the applied force F, with the difference that the
rch ADEB (hereafter also called Michell arch) works in compres-
ion and the radii pointing to C work in tension in the first case
Fig. 1, top), while, on the contrary, the arch ADEB works in tension
nd the radii pointing to C work in compression in the second case
Fig. 1, bottom). It is worth noting that the central angle of the cir-
ular sector CDE gets larger and larger, as the angle  ̨ (or ˇ) gets
loser and closer to 90◦ (Fig. 1).

We here introduce a parametric model of a tensegrity bridge
btained through n self-similar subdivisions of a basic module. This
odule is formed by a single Michell arch showing p radii, placed

bove the deck of the bridge, and two arches, each of them showing
Please cite this article in press as: Skelton, R.E., et al., Minimum mass desi
complexity. Mech. Re. Commun. (2013), http://dx.doi.org/10.1016/j.mechr

 = p radii, placed below the deck. Such a bridge is constrained by
 fixed hinge support at one end of the deck, and a rolling hinge
upport at the other end. We  show the basic module correspond-
ng to n = p = 1 in Fig. 2, while more complex shapes corresponding
Fig. 2. Basic module of the tensegrity bridge (n = 1, p = 1). (For interpretation of the
references to color in the text, the reader is referred to the web version of this article.)

to higher values of n and p are shown in Fig. 3. Notice how each
arch above the deck features p radii, and each arch below the deck
features q radii, with p = q. The angles  ̨ and  ̌ can assume arbitrary
values, and the horizontal elements at the level of the deck (rep-
resented through blue lines in Fig. 2) can work either in tension
or in compression (bidirectional elements). Such elements provide
the horizontal components of the lateral (supporting) forces of the
Michell arch (Fig. 1). The basic module shown in Fig. 2 exhibits a
single compressed arch above the deck, two  tensile chords below
the deck and a subdivision of the deck into four elements of equal
length. Hereafter, we  let f denote the total force transferred from
the deck to the bridge structure. For n > 1, we assume that the ele-
ments of the nested arches placed above the deck can overlap each
other. Moreover, to consider a common requirement for bridges
over navigable water, we discard the outer arches placed below
the deck (indicated by dotted lines in Fig. 3), in order to reduce
the size of the substructure below the deck, for clearance above the
water. In a real bridge structure, the elements placed above the deck
would have a 3D geometry that prevents member overlapping. It
is worth noting that the geometry corresponding to an arbitrary
number n of self-similar subdivisions of the basic module features
2n+1 elements at the level of the deck, and show nodal forces equal
to f/(2n+1) in correspondence with the intermediate nodes placed at
the level of the deck. The following variables completely define the
geometry of the bridge structure: the total span L, the ‘top aspect
angle’ ˛, the ‘bottom aspect angle’ ˇ, and the complexity parame-
ters n, p and q. The total numbers of top arches, nta, bottom arches,
nba, strings, ns, bars, nb, and nodes, nn, are given by:

nta = 2n − 1, nba = 2n, (1)

ns = qnta + (p + 1) nba + 2n+1, nb = (q  + 1) nta + pnba + 2n+1,

(2)

nn = qnta + pnba + 2n+1 + 1. (3)

As to the node coordinates, we observe that the nodes belonging
to the ‘superstructure’ (i.e., the portion of the bridge placed above
the deck) lie on n nested circumferences with radii Rti

(i = 1, . . .,
n), while the nodes of the ‘substructure’ instead lie on sequential
circumferences with radius Rb. Such radii are computed as follows

Rti
= L

2i
sin ˛, (i = 1, . . .,  n); Rb = L

2n
sin ˇ. (4)

We  look for the optimal values of the complexity parameters n, p
and q and the aspect angles  ̨ and ˇ, which minimize the mass of the
bridge under yielding and buckling constraints. As anticipated, we
gn of tensegrity bridges with parametric architecture and multiscale
escom.2013.10.017

prescribe q = p and we assume that all bars and strings are made up
of the same material, for the sake of simplicity. The removal of such
constraints is not a big issue from the theoretical point of view, but
might lead to a significant increase in the number of optimization

dx.doi.org/10.1016/j.mechrescom.2013.10.017
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Fig. 3. Exemplary geometries of the tensegrity bridge f

ariables. We  close the present section with some remarks on pre-
tress design, a typical feature of tensegrity systems. The procedure
y Nagase and Skelton (2014) returns the minimal mass structure,
or a given loading condition, together with a certain prestress state.
y changing such a prestress, while increasing the mass, one can

mprove the ability of a structure to tolerate larger uncertainties
n the external loading, and avoid slackening problems in cables.

e leave the prestress calibration to a second step of the current
esign strategy, to be carried out after the minimal mass topology
as been determined.

. Mass minimization algorithm

We  deal with the minimum mass design of the fractal bridge
resented in Section 2 through the iterative linear programming
rocedure extensively presented in Nagase and Skelton (2014) that
e briefly summarize hereafter. Let �Y denote the yield stress of the
aterial. We  enforce the following yield constraint in the generic

tring

si
= �Y , i = 1, . . .,  ns, (5)

here �si
denotes the maximum admissible stress in such an

lement. Concerning the bars, we assume that the maximum
dmissible compressive stress �bi

in each of such elements, defined
s a positive quantity, is given by

bi
= min(�Y , �Bi

), i = 1, . . .,  nb, (6)

here �Bi
denotes the local buckling stress (Nagase and Skelton,

014). Denoting the ith bar length by bi, and assuming that such
 bar has circular cross-section with radius rbi

, we  compute �Bi

hrough Euler’s formula

Bi
= �2E

4

( rbi

bi

)2
= �E

4

Abi

b2
i

, i = 1, . . .,  nb, (7)

here E is the Young moduli of the material, and Abi
= �r2

bi
is the

rea of the cross-section.
Now, let �bi

denote the compressive force per unit length in the
th bar, and let �si

denote the tensile force per unit length in the
th string, both defined to be positive quantities. Assuming that all
he bars and strings are fully stressed (i.e., the normal stress is equal
Please cite this article in press as: Skelton, R.E., et al., Minimum mass desi
complexity. Mech. Re. Commun. (2013), http://dx.doi.org/10.1016/j.mechr

o the maximum admissible stress in each of such elements), we
ompute the overall mass of the bridge structure through

 = cT x, (8)
erent values of the complexity parameters n and p = q.

with

x = [�1 · · · �nb
| �1 · · · �ns ]

T , (9)

c =
[

cb1
. . . cnb

| cs1 . . . cns

]T
, (10)

and we set

cbi
= �b2

i

�bi

, csi
= �s2

i

�si

, (11)

� being the mass density per unit volume of the material, and si
being the length of the ith string. The force density vector x must
satisfy the equilibrium equations of all the nodes of the bridge
structure, which we  write into the following matrix form

Ax = w. (12)

Here, A is a static matrix depending on the geometry and the
connectivity of bars and strings, and w is the nodal force vector
obtained by stacking-up the single external force vectors of each
node (Skelton and de Oliveira, 2010c). We  neglect the contributions
to w due to the self-weight of the bridge structure, assuming that
the overall weight of the bridge structure is much less than the
weight of the deck. If needed, the inclusion of gravity forces into Eq.
(12) can be easily carried out following Nagase and Skelton (2014).

Given the bridge span, L, the total weight of the deck, f, and arbi-
trary values of the design variables, ˛, ˇ, n and p, we  determine the
minimum bridge mass and the optimal values of the force densities
by iteratively solving the linear programming problem

minimize
x

m = cT x,

subject to

{
Ax = w,

x≥0.

(13)

Initally, we set �bi
= �Y in all the bars. Let us denote the current

solution of problem (13) by x′, and the corresponding minimum
mass of the bridge by m′ (step 1). The current values of the axial
forces in all the bars and strings are given by

t′
bi

= �′
bi

bi, t′
si

= � ′
si

si, (14)
gn of tensegrity bridges with parametric architecture and multiscale
escom.2013.10.017

where �′
bi

is the entry of x′ corresponding to the ith bar, and � ′
si

is

the entry of the same vector corresponding to the ith string. By post-
processing the current solution, and enforcing combined yielding

dx.doi.org/10.1016/j.mechrescom.2013.10.017
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Table 1
Selected results for the example in Section 4.1.

p ˛∗
Y

ˇ∗
Y

�∗
Y

˛* ˇ* �*

1 41.83 24.11 1.1180 26.11 13.77 808.84
3  50.29 31.05 1.0235 42.78 24.83 446.26
5  53.42 33.97 0.9952 50.29 31.05 375.84
7  54.33 34.86 0.9896 51.97 32.59 349.79
9  54.42 34.95 0.9876 53.13 33.69 340.13
10  54.42 34.96 0.9871 53.42 33.97 338.30
11  54.44 34.97 0.9867 53.42 33.97 337.69
12  54.49 35.02 0.9864 53.42 33.97 337.92
13  54.53 35.06 0.9862 53.42 33.97 338.76
15  54.58 35.11 0.9859 53.13 33.69 341.67
20  54.65 35.18 0.9855 51.98 32.60 352.24
25  54.68 35.21 0.9854 74.39 22.29 375.03
30  54.70 35.23 0.9853 76.17 21.15 372.02
40  54.72 35.25 0.9852 78.37 19.60 369.85
ARTICLERC-2804; No. of Pages 9
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nd buckling constraints in all the bars, we compute updated bar
ross-section areas through

′′
bi

=
{√

t′
bi

/(�E/4b2
i
) (t′

bi
≤ t∗

bi
)

t′
bi

/�Y (t′
bi

> t∗
bi

)
, (15)

here t∗
bi

= (�Y )2/(�E/4b2
i
) (Nagase and Skelton, 2014). Accord-

ngly, we define an updated mass of the bridge structure, via the
quation

′′ =
nb∑
i=1

�A′′
bi

bi +
ns∑

i=1

�s2
i

�si

x′
si

. (16)

f the ratio |(m′′ − m′)/m′| is lower than a given tolerance we stop
he optimization procedure at the current iteration, otherwise we
et �bi

= t′
bi

/A′′
bi

and go back to step 1. The rest of the paper makes

se of the following dimensionless mass factor,

 = m�Y

�Lf
. (17)

A pure yielding design of the bridge, which corresponds to the
pproach followed by Michell in his 1904 study of a centrally loaded
eam, is obtained by arresting the above procedure at the first iter-
tion (�bi

= �Y in all the bars). Hereafter, we use the index Y to
enote the mass and the design variables corresponding to such a
esign strategy. It is worth noting that the solution of the optimiza-
ion problem (13) leads us to resolve the indeterminacy associated
ith the bidirectional elements placed at the level of the deck

Nagase and Skelton, 2014).

. Numerical results

In this section we present a collection of numerical results,
hich aim to illustrate the potential of the minimum mass design
nder consideration. We  use the symbols �*, ˛* and ˇ* to denote
he minimum mass and the optimal aspect angles of the tensegrity
ridge under combined yielding and buckling constraints, respec-
ively, and the symbols �∗

Y , ˛∗
Y and ˇ∗

Y to denote the optimal values
f the same quantities under simple yielding constraints. In all the
xamples, we search for a global minimum mass configuration of
he bridge, by recursively running the optimization procedure pre-
ented in Section 3, so that the design variables n, p,  ̨ and  ̌ may
ange within prescribed search domains. We  set the step incre-
ents of n and p to 1, the step increments of  ̨ and  ̌ to 0.01◦. In

ddition, we set L, f and � to unity, in abstract units, and make use of
he following assumptions: �Y = 6.9 × 108L2/f ; E = 2.1 × 1011L2/f.
t is worth observing that the basic module shown in Fig. 2 can be in
quilibrium either in presence of the elements placed at the level
f the deck, or in absence of such elements (blue elements in Fig. 2),
ue to the double arch mechanism played by the two portions of
he bridge placed above and below the deck. In order to highlight
he relative ‘weight’ of the elements placed at the level of the deck,
e introduce the following ratios,

�∗
db

�∗
b

,
�∗

ds

�∗
s

. (18)

here �∗
db

, �∗
sb

, �∗
b
, �∗

s denote the total mass of the bars placed
t the level of the deck, the total mass of the strings placed at the
evel of the deck, the overall mass of the bars and the overall mass
f the strings, respectively, in correspondence with any arbitrary
Please cite this article in press as: Skelton, R.E., et al., Minimum mass desi
complexity. Mech. Re. Commun. (2013), http://dx.doi.org/10.1016/j.mechr

inimum mass configuration under combined yielding and buck-
ing constraints. We  remind the reader that the elements placed at
he level of the deck are bidirectional, in the sense that they can
ontemporarily serve as bars or strings (Nagase and Skelton, 2014).
50  54.72 35.25 0.9852 79.69 18.54 370.17
60  54.73 35.26 0.9851 80.57 17.75 371.58

4.1. Minimum mass design for n = 1, and variable p, ˛, and ˇ

We  begin by conducting a minimum mass design that keeps n
constant and equal to 1, and lets ˛,  ̌ and p range in the following
intervals,

p ∈ [1,  60],  ̨ ∈ (0,  90)◦,  ̌ ∈ (0,  90)◦. (19)

Fig. 4 and Table 1 show the optimization results obtained in
the present case. Under simple yielding constraints, the results
shown in Table 1 indicate that the mass of the bridge might con-
verge to a global minimum when p→ ∞ (�∗

Y → 0.985, cf. Table 1).
Conversely, the aspect angles  ̨ and  ̌ converge to the following
limiting values: ˛∗

Y → 54.73◦, and ˇ∗
Y → 35.26◦. The inclusion of

self-weight (Nagase and Skelton, 2014) does not cause a significant
change of the optimal topology: by adding gravity forces we  indeed
obtain �∗

Y = 0.9853, ˛∗
Y = 55.31◦, ˇ∗

Y = 35.84, when p = 60. Under
combined buckling and yielding constraints, the mass of the bridge
approaches a global minimum for a finite value of the complexity p
(�* → 337.69 for p = 11, cf. Table 1). As p approaches such an optimal
value, the aspect angles converge to the following limiting values:
˛* → 53.42◦, and ˇ* → 33.97◦. It is worth noting that the minimum
mass configuration under combined buckling and yielding con-
straints shows similar aspect ratios and a much greater mass, as
compared to that corresponding to simple yielding constraints. For
p < 25, the mass ratio �∗

ds
/�∗

s assumes values ranging in the inter-
val [1 × 10−7, 6 × 10−5], while the mass ratio �∗

db
/�∗

b
ranges in the

interval [2 × 10−11, 6 × 10−7]. Such results show that the elements
placed at the level of the deck can be ignored for p < 25. On the
contrary, for p ≥ 25 we again observe �∗

ds
/�∗

s 
 1, but this time the
ratio �∗

db
/�∗

b
becomes relevant and progressively increasing with p,

being equal to 0.56 for p = 25, and 0.68 for p = 60. The latter results
highlight that the elements placed at the level of the deck act as
compressed members (bars) of relevant structural importance for
p ≥ 25. Fig. 4 illustrates the geometries of the (relative) minimum
mass configurations corresponding to several selected values of p,
in presence of combined yielding and buckling constraints.

4.2. Minimum mass design for variable n, p, ˛, and ˇ

The second minimum mass design that we examine assumes
that all the design variables n, p, ˛, and  ̌ may  simultaneously vary
within the following bounds,

n ∈ [2,  5],  p ∈ [1,  7],   ̨ ∈ (0,  90)◦,  ̌ ∈ (0,  90)◦. (20)
gn of tensegrity bridges with parametric architecture and multiscale
escom.2013.10.017

The most relevant results corresponding to the present case are
illustrated in Table 2 and Figs. 5 and 6. The results in Table 2
highlight that the global minimum mass configuration under

dx.doi.org/10.1016/j.mechrescom.2013.10.017
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Fig. 4. Optimal bridge topologies under combined yielding and

ombined yielding and buckling constraints is reached for n = 2,
 = 7 (�* = 333.17, ˛* = 62.52◦, ˇ* = 17.77◦), within the search
omain (20). In particular, the mass of such a configuration

s slightly lower than the global minimum mass obtained for
 = 1, p = 11 in Section 4.1 (�* = 333.17 vs �* = 337.69, respectively).
eferring to the case with n = 2, in order to detect if the global min-

mum mass configuration is obtained for finite complexity p or not,
e let this parameter grow up to p = 13, and determine the corre-

ponding relative minimum mass configurations of the bridge. We
Please cite this article in press as: Skelton, R.E., et al., Minimum mass desi
complexity. Mech. Re. Commun. (2013), http://dx.doi.org/10.1016/j.mechr

nd out that the mass of the bridge monotonically decreases when
 grows from 1 to 13, and n remains equal to 2. In particular, the
elative minimum mass configuration for n = 2 and p = 13 is the fol-
owing: �* = 225.98, ˛* = 69.45◦, ˇ* = 23.97◦. Such results, together
ing constraints, for n = 1,  ̨ ∈ (0, 90)◦ ,  ̌ ∈ (0, 90)◦ , and p ∈ [1, 50].

with those presented in Table 2, indicate that the global minimum
mass configuration of the bridge might be achieved either for rather
large values of p, or in the limit p→ ∞,  when n ≥ 2. By adding grav-
ity forces (Nagase and Skelton, 2014), and referring to the case with
n = 2 and p = 13, we  obtain �* = 227.49, ˛* = 69.48◦, and ˇ* = 23.52◦.
Such results show that the inclusion of self-weight does not cause
a significant change of the minimum mass configuration at hand,
as we  already observed in presence of simple yielding constraints
(cf. Section 4.1). As to the elements placed at the level of the deck,
gn of tensegrity bridges with parametric architecture and multiscale
escom.2013.10.017

we observe the following results: �∗
db

/�∗
b


 1, and �∗
ds

/�∗
s 
 1, for

n ≤ 3. The ratio �∗
ds

/�∗
s becomes relevant for n > 3, being equal to

0.06 for n = 4 and p = 1, and 0.3 for n = 5 and p = 1. Nevertheless,
the same ratio decreases with p for fixed n, being equal to ≈10−4

dx.doi.org/10.1016/j.mechrescom.2013.10.017
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Fig. 5. Optimal topologies under yielding constraints (left) and combined yie

Table 2
Selected results for the example in Section 4.2.

n p ˛∗
Y

ˇ∗
Y

�∗
Y

˛* ˇ* �*

2 1 44.62 9.34 1.5207 26.58 4.77 1086.23
2  3 57.81 14.83 1.3329 45.20 9.53 558.02
2  5 63.73 18.66 1.2674 56.10 13.93 413.11
2  7 66.42 20.90 1.2534 62.52 17.77 333.17
3  1 44.96 4.08 1.7545 26.58 2.05 1186.33
3  3 59.52 6.92 1.5232 45.31 4.13 607.67
3  5 69.56 10.85 1.4341 56.63 6.19 446.20
3  7 72.52 12.78 1.4137 63.71 8.23 354.03
4  1 44.96 1.91 1.8761 26.58 1.03 1221.82
4  3 59.73 3.27 1.6256 45.31 1.93 625.75
4  5 71.41 5.66 1.5262 56.65 2.90 459.24
4  7 75.51 7.35 1.5021 63.82 3.88 363.95
5  1 45.01 0.93 1.9378 26.58 0.75 1234.39
5  3 59.92 1.60 1.6784 45.32 1.44 632.19
5  5 71.84 2.83 1.5747 56.65 1.71 463.95
5  7 76.80 3.96 1.5489 63.83 1.88 367.65
lding and buckling constraints (right) for different values of n and p = 1.

for n = 4 and p = 7, and ≈10−5 for n = 5 and p = 7. We  can therefore
conclude that such elements serve as tensile members (strings)
for n > 1, and that their structural relevance increases with n and
decreases with p. Regarding the global minimum mass configura-
tion corresponding to the search domain (20) and simple yielding
constraints, we observe that such a configuration is reached for n = 2
and p = 7 (�∗

Y = 1.2534, ˛∗
Y = 66.42◦, ˇ∗

Y = 20.90◦, cf. Table 2) and
that the corresponding mass is greater than the global minimum
obtained in Section 4.1 for n = 1 and p→ ∞ (�∗

Y → 0.9851). It is also
seen from Table 2 that, in each of the examined cases, the opti-
mal  values of  ̨ very slowly increase with n, and rather markedly
increase with p. The optimal values of  ̌ instead markedly decrease
with n, and significantly increase with p. It is worth noting that
gn of tensegrity bridges with parametric architecture and multiscale
escom.2013.10.017

the two  examined design strategies (simple yielding constraints
and combined yielding and buckling constraints) lead to rather dif-
ferent aspect ratios of the bridge for p = 1 (cf. Fig. 5), and, on the
contrary, to more similar geometries as p gets larger, for any given

dx.doi.org/10.1016/j.mechrescom.2013.10.017
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Fig. 6. Optimal topologies under combined yielding and buckling constraints for different values of n, p = 3 (left), and p = 7 (right).
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 (cf. Table 2, and Section 4.1). The results shown in Fig. 6 emphasize
hat the current minimum mass design of the bridge leads to rather
arge values of  ̨ and considerably small values of ˇ, as the com-
lexity parameters n and p progressively increase. In particular, the
ottom height of the bridge dramatical shrinks for n ≥ 3 (Fig. 6). This

s explained by observing that the lower chords of the bridge carry
ensile forces tba = fn/2Sin(ˇ) (cf. Fig. 1), with fn = f/(2n+1). As n goes
o infinity and  ̌ goes to zero, it can be verified that tba approaches

 finite limit. The solution with  ̌ → 0 becomes convenient in terms
f mass savings as n→ ∞,  since it reduces the lengths of the tensile
hords and compressed rays placed below the deck. We  wish to
emark, however, that the global minimum mass configuration is
chieved for n = 1 under simple yielding constraints, and n = 2 under
Please cite this article in press as: Skelton, R.E., et al., Minimum mass desi
complexity. Mech. Re. Commun. (2013), http://dx.doi.org/10.1016/j.mechr

ombined yielding and buckling constraints. Different results could
e achieved by accounting for possible damage mechanisms of the
eck, which are due, e.g., to material yielding or cracking (Schmidt
t al., 2009), or excessive deflections.
4.3. Minimum mass design for n = 5,  ̨ = 40◦,  ̌ = 60◦, and variable
p

The results shown in Fig. 6 highlight that a rigorous minimum
mass design of a tensegrity bridge might lead to rather disordered
shapes and member overlapping. Moreover, bridge designers usu-
ally prefer to orient their conceptual designs, by requiring that
the bridge features given aspect ratios, and/or given topologies
or shapes. Therefore, it makes sense to consider a minimum mass
design that keeps fixed most of the design variables, and lets just
one of them to vary within prescribed bounds. Table 3 and Fig. 7
show the results of a minimum mass design that keeps n = 5,  ̨ = 40◦,
and  ̌ = 60◦ fixed, and lets the complexity p to range in the search
gn of tensegrity bridges with parametric architecture and multiscale
escom.2013.10.017

interval [1, 60]. The results in Table 3 highlight that the mass of the
bridge monotonically decrease with p within such a search domain,
either under simple yielding constraints, and in presence of com-
bined yielding and buckling constraints. The current results confirm

dx.doi.org/10.1016/j.mechrescom.2013.10.017
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Fig. 7. Optimal topologies under buckling constraints for n = 5, 

Table 3
Selected results for the example in Section 4.3.

p �∗
Y

�*

1 2.0261 1419.43
5  1.8545 569.55
10  1.8486 524.96
15  1.8478 512.81
20  1.8475 507.41
30  1.8473 502.79
40  1.8473 501.03

t
m
u
d
i
i

50  1.8472 500.33
60  1.8472 500.12

hose presented in the previous section, highlighting that the global
inimum mass configuration is achieved either for very large val-
Please cite this article in press as: Skelton, R.E., et al., Minimum mass desi
complexity. Mech. Re. Commun. (2013), http://dx.doi.org/10.1016/j.mechr

es of p, or in the limit p→ ∞.  Concerning the elements placed at the
eck level, we now observe �∗

db
/�∗

b

 1, and �∗

ds
/�∗

s ≈ 0.6, which
mplies that such elements serve as strings with relevant structural
mportance in the present case. Some of the relative minimum mass
fixed angles  ̨ = 40◦ and  ̌ = 60◦ , and different values of p.

geometries corresponding to different choices of p are illustrated
in Fig. 7.

5. Concluding remarks

We  have presented a design methodology for tensegrity bridges,
which is aimed to the generation of minimum mass shapes through
parametric self-similar iterations. It makes use of basic units con-
sisting of Michell trusses carrying a central point load (Michell,
1904; Baker et al., 2013; Sokóf and Rozvany, 2012); compressed
arches above the deck level; and tensile cords below the deck. The
proposed design procedure is ruled by two complexity parame-
ters (n and p), two aspect angles (  ̨ and ˇ), and admits either
combined buckling and yielding constraints, or, as a special case,
gn of tensegrity bridges with parametric architecture and multiscale
escom.2013.10.017

simple yielding constraints. The results presented in Section 4 point
out that the global minimum mass configuration of the exam-
ined bridge model shows finite complexity n, and markedly large
or infinite complexity p. We can therefore conclude that such a

dx.doi.org/10.1016/j.mechrescom.2013.10.017
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ridge shows a multiscale, discrete–continuum complexity. In all
he examined cases, we have observed that the minimum mass of
he bridge under simple yielding constraints is about two orders of

agnitude smaller than the minimum mass corresponding to com-
ined buckling and yielding constraints. This implies that buckling
ailure cannot be ignored in practical applications of the present
esign methodology. Concerning the aspect ratios of the bridge,
e have observed that, as the complexity n increases, the height

f the portion of the bridge placed above the deck increases, while
he height of the structure placed below the deck decreases dra-

atically. We  wish to highlight that the present minimum mass
esigns cannot be understood as universal optima, under the given
onstraints. They indeed represent mass minimizers within the
xamined sets of bridge topologies, against which other bridge
esigns could be usefully compared to.

The present study opens the way for a variety of further appli-
ations of tensegrity structures in civil engineering and parametric
rchitecture, where the tensegrity ‘philosophy’ has only been
artially exploited at present (cf. also Bel Hadj Ali et al., 2010;
hode-Barbarigos et al., 2010). Particularly challenging is the use of
arametric tensegrity design for the next generation long span or
edestrian bridges, which might require smart structures based on

ightweight materials, active or passive control strategies, and/or
eal-time structural health monitoring (Skelton, 2002). Tensegrity
pplications also calls for a robust design to take care of errors on
embers’ manufactured lengths. These errors may  lead to mem-

ers’ over-stressing and to a construction not replicating the exact
heoretical structure, and could even produce instabilities. Devel-
pments in this direction constitute a ripe subject for future studies.
e  also address to future work the realization of real-scale or

educed-scale physical models of tensegrity bridges, as well as
he 3D generalization of the proposed design approach. Further
eneralizations of the present study might regard the adoption
f different objective functions (minimum compliance, fabrication
nd assembly cost, integrated mechanical, functional, and archi-
ectural performance criteria, etc.), the adoption of optimization
trategies based on evolutionary form-finding methods (Fraternali
t al., 2011; Yamamoto et al., 2011; Koohestani, 2012), or the
umped stress method (Fraternali et al., 2002; Fraternali, 2010), and
n enlargement of the present numerical analysis to more complex
earch domains and real case studies. Regarding the adoption of

 different objective function, we are currently refining computa-
ions by using a global cost function, where different contributions,
uch as the cost of material, fabrication, and assembly, are cus-
Please cite this article in press as: Skelton, R.E., et al., Minimum mass desi
complexity. Mech. Re. Commun. (2013), http://dx.doi.org/10.1016/j.mechr

omarily weighted and summed together. An interesting challenge
s the modeling of a trade-off between these different costs, since
ightweight and easy-to-assemble components would also be more
xpensive to design and manufacture.
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