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ARTICLE INFO ABSTRACT

Keywords: This work studies the dispersion relation of a Maxwell type mass—spring chain formed by lumped masses
Maxwell chain and the parallel arrangement of two different types of tensegrity prisms. Use is made of the Bloch-Floquet
Frequency bandgaps theory of discrete systems in association with a linearized model of the response of the tensegrity units under

Internal resonance

. compression loading. Such a modeling is aimed at studying the propagation of compression waves under
Tensegrity structures

small perturbations of the initial equilibrium state of the system. For a given value of the cable’s prestress,
the tensegrity systems connecting the lumped masses react as elastic springs, which exhibit axial deformations
accompanied by relative twisting rotations of the terminal bases. The twisting motion of the chain affects the
expression of the kinetic energy, and is accounted for by introducing a suitable definition of equivalent masses.
The bandgap structure of the analyzed system is analytically determined and numerical results are obtained
for a chain formed by physical models tensegrity # = 1 prisms aligned in parallel with minimal tensegrity
prisms. The given results highlight the highly tunable frequency bandgap properties of tensegrity mass—spring

chains exhibiting internal resonance capabilities.

1. Introduction

Recent studies have shown that mass—spring chains with tensegrity
architecture have the ability to control the speed of propagation of
mechanical waves through the suitable tuning of internal and external
prestress variables, in addition to more conventional stiffness control
strategies [1,2]. It has also been shown that such systems can be
employed to design linear mechanical metamaterials with tunable fre-
quency bandgaps, when one examines dynamic excitations that induce
small perturbation of the initial equilibrium state [3,4]. The frequency
bandgap studies conducted so far in this area have mainly examined
cases in which tensegrity prism units are in frictionless contact with
the lumped masses, in order to exclude that the twisting motion of
the bases of the prisms is transmitted to the masses [3], or cases in
which the axial and twisting motions are uncoupled [4]. The coupling
between axial and twisting motions has been analyzed in [2] within a
study of the impulsive wave dynamics of chains of tensegrity prisms.

The present study contributes to the above research field by intro-
ducing the following main novelties: (i) the study of novel tensegrity
mass-spring chains that feature tensegrity 6 = 1 prisms [5] placed in
parallel with minimal tensegrity prisms; (ii) the inclusion of a perfect
bonding condition between the tensegrity units and the lumped masses,
which allows us to analyze coupled axial and twisting motions; (iii)
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the mechanical modeling of the bandgap response of such an unprece-
dented tensegrity chain, accounting for the resonance of the inner units.
The analyzed system exhibits enhanced bandgap tuning properties, due
to the presence of a considerably large number of geometry, prestress
and mechanical variables. Such a rich design landscape paves the way
to the formulation of novel, multiscale vibration protection systems
featuring hierarchical architectures (refer, e.g., to [6] and references
therein). The structure of the paper is as follows. Section 2 illustrates
the topology of the Maxwell tensegrity chain and the kinematics of the
analyzed units, which accounts for the coupling of longitudinal twisting
motions and the definition of effective masses. The dispersion relation
of the chain is derived in Section 3, via the Bloch-Floquet theory.
Section 4 presents numerical simulations dealing with physical models
of the analyzed system, while concluding remarks and directions for
future work are given in Section 5.

2. Maxwell mass-spring chain with tensegrity architecture

Let us consider the tensegrity mass—spring chain illustrated in Fig. 1,
which shows N tensegrity 6 = 1 prisms [5] (hereafter referred to as
‘Py prisms’) that run in parallel with couples of minimal T3 tensegrity
prisms equipped with three bars (‘P; prisms’). Lumped masses are
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Fig. 1. (a) Illustration of a tensegrity chain formed by lumped masses, tensegrity # = 1 prisms and minimal T3 tensegrity prisms. (b—d) Close ups of a tensegrity 6 = 1 prism Py,
(b); a T3 tensegrity prism P, (c); and the disks forming the hosting masses M, and the resonant masses My (d).
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Fig. 2. A schematic picture of the Maxwell chain model.

alternated with the tensegrity units, which may consist of solid discs
incorporated in the bases of the tensegrity prisms and/or point masses
applied at the extremities of the bars (see Fig. 1). We employ a simpli-
fied modeling of the system shown in Fig. 1, which is aimed at studying
its wave dynamics in the small displacement regime induced by small
compression disturbances of the reference configuration. To this aim,
we model the prism units as linear springs and describe the chain
through the Maxwell model illustrated in Fig. 2. The latter is formed by
a sequence of 2N + 1 masses My and M. The N + 1 ‘hosting masses’
M, are connected each other through N linear springs with stiffness
constants K, while the N inner masses M, are inserted between each
couple of hosting masses and are supposed to act as ‘resonant’ bodies.
Two linear springs with stiffness constants Ky connect the generic
resonant mass with the two neighbor hosting masses. The stiffness
constants K and Ky correspond to the values of the tangent stiffness
that are respectively exhibited by the tensegrity prisms Py and Py in
the reference configurations shown in Fig. 1 (see also Section 4). Let
e denote the overall longitudinal dimension of the unit cell, which is
such that the distance between the generic mass M and the neighbor
masses My is equal to ¢/2. The position X; of the generic mass in
the reference configuration is given by X; = i £/2, with pair values
of the index i corresponding to the positions of the N + 1 hosting
masses My and odd values corresponding to the N resonant masses
Mg. The displaced position of the generic hosting mass M is given
by x! = X, +ul, where the axial displacement 1/ is a function of time
t. Similarly, the displaced position of the generic resonant mass M; is
given by x® = X; +uR, where uR is the function of time describing the
axial displacement of such a mass.

The reduction of the 3D tensegrity topology of Fig. 1 to the 1D
Maxwell chain shown in Fig. 2 needs to account for the twisting motion
that is produced by the relative rotations of the bases of the prism units
about the axis of the chain [1,5]. Let us refer to a couple of hosting
masses, which are connected by a Py prism. The linearized response
of the hosting tensegrity forming the ith cell, produced by a small
compression disturbance of the reference configuration, gives rise to

a counterclockwise relative rotation between the terminal bases
H_ H

_ H (gH H
A S S Cr L )2

Vi=0,...,N—-1 (€D)]
where 19i” denotes the rotation of the ith hosting plate and p*! is a cou-
pling parameter. Such a parameter can be easily computed by studying
the kinematics of the tensegrity unit from the reference configuration,
as we will show in Section 4. Eq. (1) tells us that a relative compression
induces a relative rotation between the connected hosting plates. Sim-
ilarly, the linearized response of the two resonant tensegrities forming
the same unit cell gives rise to two relationships of the form

ufl —uf = pR ®F - 9%, vi=0,....N-1, 2
uf —ufl = pR@OF - 9, vi=0,...N-1 3

9R denoting the anticlockwise rotation of the ith resonance plate and
pR another positive additional kinematic parameter, which is pertinent
to the Py unit. Let us assume vanishing boundary conditions for both
the hosting displacement % and the rotation 8% (that is, u¥ = 9% = 0).
Under such assumptions, a straightforward manipulation of Egs. (1)-(3)

at i = N — 1 leads us to obtain

uy_y =" 0N, @
gy —up_y = PR =N (6]
ug_, = PR ON, 6
The insertion of Egs. (4) and (6) into (5) gives
8 (" =) =0 @)
and we therefore conclude that it must result
U . ®)

in order to have a non vanishing solution with 19]’3’[71 # 0. Eq. (8) implies
that the motions of the Py and Py units need to be suitably synced, in
order to permit the propagation of mechanical waves in a tensegrity
chain that exhibits coupled longitudinal and twisting motions. The use
of Eq. (8) into Egs. (1)-(3) finally leads us to the equations

ull =p ot Vi=0,..,N -1 )

i

P . R _ R
Vi=0,...,N; ug =pd

A
which imply that the kinematics of the system under consideration can
be fully characterized by the axial displacements uiH and u,.R. The kinetic
energy K of the Maxwell chain is obtained by summing up the kinetic
energies the unit each cells formed by the two masses My and M.
The rotational inertia of such masses is related to moments of inertia
Jy = ng Myr? and Jgp = ng Mg r3 with respect to the axis of the
chain. Here, ry and rg are the characteristic sizes (transverse with
respect to the axis of the chain) of the above masses, and ny and ny are
two scalar factors that depend upon their shapes. In the case of masses
formed by circular disks with radii r; and ry (see Fig. 1), we trivially
have ny = ng = 1/2. The analytic expression of K is as follows

N-1
l € . 1 e . e .
K= S M7 + 3 > [MylGf? + MRS’ (10)
i=0
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where i and iR are the axial velocities of the masses My and Mp,
i.e. the derivatives with respect to time of u/’ and of uX, respectively,
and SIH and SI.R are the rotational velocities of the same masses. Eq. (10)
makes use of the following ‘equivalent masses’

2 2
nygr Rpt
M;;1=MH<1+ ”2”>, MY = My <1+ RR) an
p P

which account for the coupling of longitudinal and twisting motion,
under the assumption (8). Moving on to consider the external energy
U of the Maxwell chain, we observe that such a quantity is related
to the longitudinal and rotational degrees of freedom via the external
forces Fy;" and Fy* and the external moments M$", and M acting
on the chaln These quantltles are the dual mechamcal varlables of the
displacements 4 and u®, and the rotations 97 and 9%, respectively. It
is easy to show that it results in

Uext — exteq H + Z [Pexteq H +F.exteq R , (12)

where the equivalent forces T‘in.’eq and T‘;X:’eq have been introduced,
though

ext ext
H.,i Rii
Pext,eq - FIe{x); + 1 , Ple;xlt .eq — ng; + i (13)
’ p

The final expression of the elastic internal energy of the chain is the
following

_ 1 H _ R\2 H R\2 H 2
I/Lnt_ E[KR((M _ul) +(ui+1 ul)>+KH(1+l ul)]’
i=0
a4
and one can define the action A of the system through [7]
5]
A= / [K -V + V] a1 (15)
where t; and t, are two times at which the dlsplacements ull and uR of
all the masses are prescribed equal to given values u'’ ) and ul s le it
results
wl@=r) =l ulle=1)=uN ult=1)=ul A=12,
Vi=0,...,N -1 (16)
A variational principle
sA=0, Voul ecH, voull ecl, vsul eck,
Vi=0,..,N-1 a7)
is assumed to be valid for any admissible variations C/' of u” and CR of

uiR, which allows us to obtain the equations of motion in the following
form

Mfall = F + Kp(uf - ul.H) + Kpl | —ul")
+Kp @l + —2ul™), 18)
Ml = it + Kp(uf' - uR) + Kp(ujt, —uf®)
Vi=0,...,N-1LVeR (19)

It is worth noting that we were able to describe the articulated 3D
tensegrity system shown in Fig. 1 through a simple 1D Maxwell chain
model thanks to the reduction of the kinematics of each tensegrity
prism unit to a single variable. This choice was made possible by the
adoption of the compatibility assumptions (9), which relate the relative
twisting rotations between the bases of the prisms to the relative axial
displacements between the same members. The numerical simulations
presented in Section 4 will show that such assumptions are reasonable
in the small displacement regime, if one introduces an appropriate
design of the state of prestress of the units.
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3. Dispersion relation

By using the Bloch-Floquet theory of discrete periodic systems (see,

g., [31), we look for propagating harmonic waves of the following
form

uiH =Re {ugI exp [I (cot -

kwie)]},

=Re {ug exp [I (cot -

kwie)]}
(20)

where o is the angular frequency, k, is the wave number, I is the
imaginary unit, Re denotes the real part operator and ugl and ué‘ are
the two characteristic amplitudes of the propagating wave. In absence
of external forces, it is easily shown that the insertion of Eq. (20) into
the ordinary differential equations (18) and (19) yields the following
dispersion relation between the frequency and the wave number of the
propagating waves

wMo,Ma (kw) = (21)
where
Fuky) = Kp(M T+ M) + Kg MR (1 = cos k,€) (22)

Ay (k) \/[f(kw)]z—2M;jM;’1KR(KR+2KH)(1—coskwe) (23)

In Eq. (21), the subscripts Mo and Ma denote the optic and acoustic
branches of the dispersion relation, which are the periodic functions
with period 27 /e that are obtained by using the minus and plus sign
in the term on the right side, respectively. Let us introduce the char-
acteristic frequencies wy and w; of the masses My and M/, through

(24)

For k,, = 0, it is worth noting that the acoustic branch is zero, while
the optic branch shows the nonzero frequency

2Kp(M ]+ MY

MM 25)
H ™R

@y, (0) = a)Ma

On the other hand, for k,, = 7z/e, both the acoustic and the optic
branches show nonzero finite frequencies given by

—mm(a)R,\/_wH)
w’, = max(wpg, \/—wH) (26)

Due to the periodic character of the acoustic and optic branches,
one observes no wave solutions in correspondence to the following
frequency bandgaps

Dpq (7[/5)

Wpr, (/€)=

w €E (a)l,a)z) U (w3,oo) =  no wave solution 27)
where
®) = oY, @, = min (a)?wo wgh) R w3 = max (a)%,o,a)’;lo) (28)

The upper bandgap in (27) prescribes no wave solutions for frequencies
greater than w;. Besides, the lower frequency range w € (o, ®,) in (27)
is usually referred to as the (primary) band gap of the Maxwell chain.
Differently from standard biatomic chains (see, e.g., [3]), it is easily
shown that the current Maxwell chain features frequency bandgaps also
in absence of contrasts between masses (i.e., with M;" = M;" = M*¢9)
and stiffness of the springs (Ky = Kp = K), which are given by
o € (\/2K/M?®, \/AK/M¢e1) U (/6K /M¢9, ). The lower bound of
the primary frequency bandgap (w; = 4/2K/M?¢?) corresponds to the
resonant frequency of the inner mass M = M’ connected to two
springs with stiffness K = KR. The upper bound of the same bandgap
(w, = 1/4K /M¢9) instead corresponds to the resonant frequency of the
reduced mass M®1/2 = M ] M} /(M}] + M}!) of the two-body system,
which is formed by the two masses M,/ and M}’ connected to two
springs with stiffness K = K&,
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Fig. 3. (a) Force-displacement responses of the Py and P prisms. (b) Relative axial displacement vs. twisting rotation laws exhibited by such units under small displacements
from the reference configuration. (c) Dispersion relation of the tensegrity Maxwell chain with coupled longitudinal and twisting motions. (d) Dispersion relation of the chain
featuring prisms that are free to slide against the lumped masses (no rotational motion of the masses).

4. Numerical examples

We hereafter examine physical realizations of the Maxwell chain
model presented in the previous sections, which make use of micro-
scale prisms Py and Pg. The analyzed T3 prisms that form the Py units
exhibit a reference configuration characterized by a 5.5 mm height,
equilateral triangular bases with 8.7 mm edge, cross-strings made of
6.1 mm long Spectra wires with 0.28 mm diameter and 5.48 GPa Young
modulus, and Ti6Al4V bars with 0.8 mm diameter and 120 GPa Young
modulus (see [8] for more details about such 3D-printable units). The
terminal bases are rotated with respect to each other by an angle of
twist of 5/6z (150 deg) in the reference configuration, which shows
a 1% prestrain of the cross-strings. The 6 = 1 prisms forming the Py
units show a reference configuration with 11 mm height, equilateral
triangular bases with 6.11 mm edge, cross-strings with 11.1 mm length,
intermediate (or internal) strings with 3.05 mm length and 8.7 mm long
bars. The sizes and materials of bars and strings are the same of those
that characterize the T3 prisms. The terminal bases of the Py prisms
are subject to a relative angle of twist of 24.45 deg in the reference
configuration, while the intermediate strings form an angle of 16.05
deg with the horizontal plane. The strings forming the terminal bases
are subject to a 6.8x 1075 % prestrain. We refer the reader to [5] for the
geometry of the tensegrity 6 = 1 prisms. For what concerns the masses,
we use circular lead discs with 30 mm diameter and 2 mm thickness
for the host masses (M = 16.03 g, ny = 1/2), and lead discs with
15 mm diameter and 2 mm thickness for the resonant masses (M = 4
g, ng =1/2).

Let Au and AuR denote the relative axial displacements between
the bases of the Py and Py prisms, and let 497 and A9% denote the
relative twisting rotations between such elements. Finally, let use the
shorthand notations F* and FR for the external axial forces acting
on the Py and Py prisms, respectively. Fig. 3(a) shows the axial
force vs. axial displacement response of the analyzed units, while
Fig. 3(b) depicts the laws relating the Auf-R /49" R ratios with Au'!-R,
for small displacements from the reference configuration. Such plots
have been computed by making use the path-following procedure
illustrated in [5], assuming a rigid response of the terminal bases,
due to the fact that such elements are incorporated in the lumped

masses forming the chain. The results in Fig. 3(b) show that it can
be reasonably assumed p¥ ~ pR 2.33 mm/rad for the system
under consideration. By computing the tangent stiffness coefficients of
the force-displacement curves shown in Fig. 3(a), we estimate K
13.70 N/mm, and Ky = 61.04 N/mm. A first chain model that we
study features coupled longitudinal and twisting motions, as we have
assumed in the previous sections. The equivalent masses characterizing
such system amount to M}’ = 349.51 grams and M}’ = 24.85 grams,
using Eq. (11), and one observes that such quantities are significantly
larger that the physical masses My and M. Fig. 3(c) illustrates the
dispersion relation of the present chain model, which shows a narrow
optical branch and a primary bandgap for linear frequencies v = w/(27)
between 140 Hz and 167 Hz (upper bandgap for frequencies larger than
173 Hz). A second chain model assumes that the Py and Py units are
allowed to slide tangentially against the disk-masses (as in [3]), which
determines the onset of a pure longitudinal motion of the M and My
masses. As a result, the present chain model assumes M,/ = My and
M;‘i = Mp. The dispersion relation of this second (uncoupled) chain
model is illustrated in Fig. 3(d). One observes a thicker profile of the
optical branch, as compared to the coupled chain model, and a primary
bandgap for linear frequencies varying in between 416 Hz and 465 Hz
(upper bandgap for frequencies greater than 655 Hz). It is also seen
that the absence of rotational motion of the masses forming the chain
determines the onset of bandgaps for frequencies markedly larger than
those characterizing the coupled chain.

~
~

5. Concluding remarks

We were able to describe, for the first time, a complex and three-
dimensional mass-spring system with tensegrity architecture through a
simple Maxwell chain model with internal resonance features, thanks
to the introduction of suitable compatibility equations between the
twisting rotations and the axial displacements of the prism units. Recent
studies on tensegrity bandgap systems have not explored the field
in this direction, making the results of the present research ground
breaking and worth pursuing in future work. Numerical examples con-
cerned with physical systems formed by micro-scale units and masses,
which can be conveniently fabricated through additive manufacturing
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techniques [8], have highlighted that the onset of rotational motions
of the host and resonant masses can be used to significantly reduce
the amplitude of the bandgap frequencies. We address an experi-
mental validation of the present study [9] and the development of
discrete-to-continuum generalizations to future research, making use
of continuum models endowed with both displacement and rotation
kinematic variables.
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