
Experimental Mechanics
DOI 10.1007/s11340-011-9544-6

Directional Wave Propagation in a Highly Nonlinear
Square Packing of Spheres

A. Leonard · F. Fraternali · C. Daraio

Received: 16 July 2011 / Accepted: 29 August 2011
© Society for Experimental Mechanics 2011

Abstract We studied the dynamic response of a two-
dimensional square packing of uncompressed stainless
steel spheres excited by impulsive loadings. We de-
veloped a new experimental measurement technique,
employing miniature tri-axial accelerometers, to deter-
mine the stress wave properties in the array resulting
from both an in-plane and out-of-plane impact. Results
from our numerical simulations, based on a discrete
particle model, were in good agreement with the ex-
perimental results. We observed that the impulsive
excitations were resolved into solitary waves traveling
only through initially excited chains. The observed soli-
tary waves were determined to have similar (Hertzian)
properties to the extensively studied solitary waves sup-
ported by an uncompressed, uniform, one-dimensional
chain of spheres. The highly directional response of
this system could be used as a basis to design granular
crystals with predetermined wave propagation paths
capable of mitigating stress wave energy.

Keywords Two-dimensional square packing ·
Granular crystals · Highly nonlinear dynamics ·
Directional wave propagation · Impulsive excitation

A. Leonard · C. Daraio (B)
Department of Engineering and Applied Science,
California Institute of Technology,
Pasadena, CA 91125, USA
e-mail: daraio@caltech.edu

A. Leonard
e-mail: andreal@caltech.edu

F. Fraternali
Department of Civil Engineering,
University of Salerno, 84084 Fisciano, SA, Italy
e-mail: f.fraternali@unisa.it

Introduction

The dynamic behavior of uncompressed, one-
dimensional uniform chains of spheres in contact
(i.e. granular crystals) has been extensively studied
[1–7]. In the elastic limit, these systems have been
shown to support the formation and propagation of
solitary waves [1–3]. Heterogeneous one-dimensional
chains of spheres have also been studied and proposed
as materials for impulse or vibration mitigation [2, 8–
14]. It was found that the presence of defects and
interfaces causes energy scattering [11, 15, 16], trapping
[17] and anomalous reflections [12]. The extension
of these studies in higher-dimensional systems could
enable the discovery of richer physical phenomena
and the design of materials for different engineering
applications. The study of two-dimensional, highly
nonlinear granular crystals has not been extensively
explored. This work studies the stress wave properties
in a basic two-dimensional granular crystal. We study
a simple square packing as a quasi-one-dimensional
system, and compare its response with the available
theoretical and numerical frameworks [2]. We present
a new experimental setup to study multidirectional
wave propagation, based on the use of tri-axial
accelerometers. This approach will be extended to the
study of more complex two-dimensional systems and
to different packing geometries.

1-D Theoretical Background

The wave motion supported by one-dimensional gran-
ular crystals was first described by Nesterenko using
a long wavelength approximation. The fundamental
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wave equation derived for the highly nonlinear re-
sponse of uncompressed particles is,
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where u represents the displacement of the center of
each sphere from its equilibrium position and c2 =

2E
πρ(1−ν2)

[2]. Here R, E, ρ, and ν, are the radius, Young’s

Modulus, density, and Poisson’s ratio of the particles.
The propagating wave in the highly nonlinear regime

can be described by a single hump of the periodic
solution of equation (1) [1, 2]:
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where v is the particle velocity and Vs is the wave
speed. This solitary wave has a fixed wavelength of
approximately 5 particle diameters and a wave speed
that depends on its amplitude [1, 2, 6]:
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where vm is the maximum particle velocity and Fm

the maximum compressive contact force. The existence
of this compact solitary wave was first shown exper-
imentally by Lazaridi and Nesterenko [3] and later
confirmed experimentally [4–6, 10] and numerically
[7, 13, 16, 18–21] by others. Additional studies re-
lated to the wave amplitude-wave speed scaling relation
for uniform, uncompressed one-dimensional chains of
spheres have confirmed both numerically [20, 21] and
experimentally [4, 5, 20] Nesterenko’s analytic results
(first half of equation (3)).

2-D Background

For a simple cubic packing of spheres, Nesterenko
suggested that waves should propagate similar to the
one-dimensional case when the packing is excited par-
allel to the array of chains [2]. However, this has not
been quantitatively verified experimentally until now.
Past studies of the dynamic behavior of highly ordered
two-dimensional granular crystals primarily focused on
hexagonal packings [22–29], with very few studies con-
sidering square packings [25, 26]. Additionally, studies
concerning the amplitude-wave speed scaling relation-
ship of highly ordered granular crystals consisted of
hexagonal packings of spheres [22–24, 30].

Numerical simulations employing the discrete ele-
ment method (DEM) were used to study the stress

wave propagation of uncompressed, two-dimensional
granular crystals and were shown to be in good agree-
ment with experimental results [25–28, 31]. Sadd et al.
used DEM simulations to investigate the stress wave
propagation in a granular array of elliptical disks [26].
Past experiments on various packings of photoelastic
elliptical disks concluded that contact normals and the
vectors connecting particles’ centers of mass influence
wave propagation characteristics, such as load trans-
fer path and load attenuation [25]. Specifically, Zhu
et al. studied a square packing of elliptical disks and
observed that the wave propagation was highly direc-
tional. They observed that inaccuracy of particle spa-
cial arrangement attributed to only small amounts of
energy transfer, if any, into chains adjacent to those
initially excited in experiments (similar to what we
observe in this work). More recently, Nishida et al. used
DEM simulations to model the dynamic response of a
two-dimensional hexagonal packing excited by a high
velocity spherical projectile [28], and were able to ob-
tain good agreement with experiments when comparing
force history profiles along the opposite edge of the
specimen.

Quantitative studies of wave propagation in two-
dimensional granular crystals present experimental
challenges. For example, because of geometrical tol-
erances on the particles’ shape, it is difficult to as-
semble an ordered packing reproducing the ideal
configuration. In the ideal configuration, all particles
have an equal number of contacts and equal equilib-
rium forces. However, in experiments if, for example,
a single particle is too small, there will be a loss of
contacts between neighboring particles. Additionally, if
a single particle is too large, local compressive forces
may exist at surrounding particle contacts. Several
past works studied the effects of imperfections in two-
dimensional granular crystals and their role in the stress
wave propagation [22–24, 30]. While Herztian behavior
predicts a n = 1

6 power-law between maximum force
and wave speed (equation (3)), it was found that the
presence of defects tends to increase the wave propa-
gation speed (n = 1

4 instead of 1
6 ), effectively inducing

deviations from the theoretical Hertzian behavior. This
deviation from Hertzian behavior was observed only
for granular crystals with low precompression. Increas-
ing the precompression applied on hexagonal arrays
was seen to cause a transition to a fully Hertzian behav-
ior [22–24, 30]. Future work on the dynamic behavior of
highly ordered uncompressed two-dimensional granu-
lar crystals will be needed to fully understand the quan-
titative stress wave front properties in these systems,
and to characterize how these properties depend on the
underlying particle arrangement.
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Recently, Daraio et al. looked at the pulse splitting
and recombination in a y-shaped granular network [32].
They demonstrated the ability to bend and split inci-
dent pulses, further suggesting the ability of granular
systems to redirect mechanical energy.

Experimental Setup

Experiments were performed on granular crystals as-
sembled within a confining box composed of a flat
polycarbonate bottom and delrin-lined walls. The array
of particles consisted of a 20 by 20 square packing of
stainless steel spheres. In order to achieve a uniform
contact lattice, a slight tilt (less than 5 degrees) was
applied to both the x- and y-directions. Two different
impact conditions were considered: (1) in-plane, where
the array was impacted between the two middle par-
ticles along the edge, and (2) out-of-plane, where the
array was impacted between the four spheres at the
center of the array (see Fig. 1). The system was excited
impulsively by a stainless steel striker sphere, identi-
cal to the particles composing the crystal, impacting a
resting striker sphere in direct contact with the array.
The presence of the resting striker sphere allowed us to
achieve a more repeatable, uniform impact compared

X

Y
striker location
for in plane impact
initial velocity = V

x

striker location
for out of plane impact
initial velocity = V

z

X

Z

Fig. 1 Schematic diagrams of the test configurations: (Top) view
of the setup from the side, showing the position of the striker
spheres (dark grey) and (Bottom) view of the setup from the top.
The square array was a 20 by 20 packing of 19.05 mm diameter
spheres. For the in-plane impacts, the striker sphere impacted the
resting striker sphere in contact with edge particles X1Y10 and
X1Y11. For out-of-plane impacts, the striker sphere impacted the
resting striker sphere in contact with central particles X10Y10,
X11Y10, X10Y11, and X11Y11

to the striker sphere directly impacting the array. For
the in-plane impacts, a solenoid was used to impact the
striker sphere, giving it a repeatable initial velocity. The
striker’s velocity was then measured with an optical
velocimeter just before impacting the system. For the
out-of-plane impacts, the striker sphere was dropped
from some known height (through guide rails), and its
initial velocity was calculated from the drop height.

Custom fabricated sensor particles (Fig. 2) replaced
solid spheres at selected locations in the system to mea-
sure the particles’ motion. These sensor particles con-
sisted of a sphere with a central hole drilled in order to
embed a pre-calibrated miniature tri-axial accelerom-
eter (PCB 356A01 with sensitivity 0.51 mV/(m/s2)).
The accelerometers required a signal conditioner (PCB
481A02) before being connected with the data acquisi-
tion board (NI BNC-2110 and NI PCI-6123 with simul-
taneous sampling rate up to 500 kS/s). The acceleration
output from the sensor particles was directly compared
with the acceleration of the center of mass of each
particle obtained from the numerical simulations.

Previous experiments measured either the response
along the edge of the granular crystal [3–5, 22, 28], the
one-dimensional force components within the spheres
[6, 15, 16, 20], or required significant post-processing
in order to obtain two-dimensional measurements from
photoelastic particles [25, 33–36]. The use of tri-axial
accelerometers allows for quick and accurate measure-
ments of the response of individual particles in the
granular crystals.

The use of accelerometers embedded inside selected
particles did not alter the Hertzian contact between
the sensor particles and their neighboring elements.
However, the average mass of the solid stainless steel
spheres was 28.79 g, whereas the average mass of
the assembled sensor particles was 26.52 g (approxi-
mately 92% of the solid sphere mass). Recent exper-
imental and simulation studies of mass defects in a

Fig. 2 Schematic diagram of the assembled sensor particle: (Left)
top view and (Right) cross-section view. The accelerometer is a
6.35 mm cube and the sphere is 19.05 mm in diameter
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one-dimensional, uncompressed chain of spheres have
shown the presence of a localized mode as a result of
traveling solitary waves interacting with a light mass
intruder [15]. We performed systematic numerical sim-
ulations and experiments to determine the effect of
the mass difference and the influence of the sensor
particles on the propagation of the impulses in a one-
dimensional model system.

Numerical simulations were performed on a hor-
izontal chain of 20 stainless steel particles impacted
by an identical striker particle and bounded by a soft
(delrin) wall at the far end. The 10th particle’s mass was
then varied from 50% to 100% of the solid (19.05 mm
diameter) stainless steel sphere mass, while keeping
the radius constant. As the mass of the tenth particle
was decreased, a series of reflected waves around the
light mass defect begin to emerge and grow in ampli-
tude. It was determined that for an 8% mass reduc-
tion, as the one present in our experimental system,
the amplitude of the largest reflection was less than
1.2% of the incident solitary wave amplitude. Since this
reflection amplitude is potentially near the noise level
observed in experiments (depending on the magnitude
of excitation) it is reasonable to consider this phenom-
enon as having a negligible effect on the studied two-
dimensional systems.

To confirm this hypothesis, we performed an ex-
perimental study to determine the effect of the sensor
particles replacing solid spheres. A nearly horizontal
one-dimensional chain of 20 stainless steel spheres was
assembled between two polycarbonate guide rails. A
slight tilt (less than 5 degrees) was induced to ensure
contact between all spheres. The chain was impacted
by a striker particle, identical to those in the chain.
The striker sphere was impacted by a solenoid to give
it a repeatable initial velocity. At the far end of the
chain, a dynamic load cell (PCB 208C02 with sensitivity
11,241 mV/kN) was placed in between a heavy mass
aluminum block and the last particle. The baseline
response (the case of no sensor particles) at the end
of the chain was then compared with the force felt at
the wall when sensor particles replaced the (a) 6th,
(b) 11th, (c) 16th, (d) 11th and 16th, and (e) 6th, 11th,
and 16th solid spheres. The experiment was repeated
ten times for each configuration. No measurable vari-
ation in wavelength was seen and no clear trend was
observed in the variation of wave amplitude at the wall
when sensor particles were introduced in the system. In
conclusion, there was no clear indication that the sensor
particles measurably altered the response of the system,
validating their use for additional studies.

In the two-dimensional setup, these sensors were
used to measure the dynamic response of the granular

crystal when subjected to both in-plane and out-of-
plane impacts. The recorded experimental measure-
ments were triggered when the excitation reached the
first sensor particle. In numerical simulations the zero
time represents the moment of striker impact. In order
to compare experimental data with numerical simula-
tions the experimental zero time was obtained using the
measured wave speed and the known distance of the
first sensor from the impact. Additional experiments
were then performed for a variety of impact velocities
in order to determined the amplitude-wave speed rela-
tionship and the wavelengths of the traveling pulses.

Numerical Simulations

Numerical simulations were performed using a three-
dimensional discrete particle model, in which each
sphere was modeled as a point mass connected by
nonlinear (Herztian [37]) springs. The simulations in
this work used a forth order Runge Kutta scheme to
integrate the nonlinear system of differential equa-
tions [2]:

miüi = Ai, j−
(
(Ri + R j−) − (xi − x j−)

) 3
2

+

−Ai, j+
(
(Ri + R j+) − (x j+ − xi)

) 3
2

+ , (4)

where Ai, j = 4
3
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i
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E j
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Ri R j

Ri+R j

) 1
2

and xi repre-
sents either the x, y, or z position of the center of sphere
i, which is in contact with j neighboring spheres (where
the j- and j+ neighbors have center locations in the
negative and positive xi directions, respectively). The
notation (�x)+ is used to describe the lack of stiffness in
tension, where (�x)+ = �x for �x ≥ 0 and (�x)+ = 0
otherwise. Walls were modeled as spherical particles of
infinite radius. The effects of gravity [38] and dissipa-
tive losses present in experiments [39] were neglected
in the numerical simulations. The material properties
used in the calculations can be found in Table 1. We
used experimentally measured impact velocities as in-
put in the simulations.

Table 1 Material properties (www.mcmaster.com, www.matweb.
com, www.ePlastics.com)

Material Mass Young’s Poisson’s
density modulus ratio
(kg/m3) (GPa)

Stainless steel (type 316) 8,000 193 0.3
Delrin 1,400 3.1 0.35
Polycarbonate 1,200 2.3 0.37

http://www.mcmaster.com
http://www.matweb.com
http://www.matweb.com
http://www.ePlastics.com
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Fig. 3 Density plots
corresponding to the
amplitude of the particle
velocity obtained from
numerical simulations as a
function of spacial position in
the granular crystal. (Left) At
0.15 ms and (Right) at 0.30 ms
after the array was impacted
in-plane with a striker
velocity Vx = 0.29 m/s.
The grey-scale indicates the
particle velocity amplitude
in m/s 0.1 0.2 0.3
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Results and Discussion

It is expected that under the impact conditions the
square packing should behave similarly to a simple
one-dimensional chain [1, 2]. For both in-plane and
out-of-plane impacts, we observed that the impulsive
excitations were resolved into solitary waves travel-
ing through only initially excited chains of spheres.
The properties of the traveling waves, including pulse
length and the dependenace of wave speed on the
maximum particle velocity, were calculated for exper-
iments and numerical simulations. We found that the
solitary waves propagating in these two-dimensional
granular crystals had similar properties to those pre-
viously observed in accordance with Nesterenko’s well
know highly nonlinear one-dimensional theory [1, 2].

Wave Propagation Path

When the square array was impacted in-plane, we ob-
served solitary waves traveling through four chains: one
through each of the two central chains and one through
each of the two edge chains (Fig. 3). Numerical simu-
lations revealed that of the total energy input into the
system (by the striker spheres initial velocity), 71.5%
went into the solitary waves traveling in the two central
chains along the impact direction, and 24.5% into the
waves traveling transversely through the edge chains.
The remaining energy was lost in the rebounding of the
striker spheres and the particles nearest the impact. In
experiments, sensor particles were placed at selected
locations within the granular crystal to capture the
waves traveling through each of these chains. The signal
recorded by the sensors was compared with numerical
simulations. Figure 4 describes the motion of the par-
ticles in the two central chains and Fig. 5 describes the
motion of the particles in the two edge chains resulting
from the in-plane impact. Experiments were repeated
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Fig. 4 Experimental and numerical simulation responses of the
two central chains in the granular crystal resulting from an in-
plane impact. (a) Schematic diagram showing the experimental
setup and the positions of the sensor particles (shaded spheres
indicate particles excited by the impulse). (b) Signals recorded
at the sensor locations. The top panel represents experimental
results and the bottom panel the numerical simulations. In both
experiments and simulations each particle’s acceleration in the
x-direction is plotted as a function of time. The experimental
y-acceleration was nearly zero for all sensor locations (zero in
simulations) and was therefore not plotted
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Fig. 5 Experimental and numerical simulation responses of the
two edge chains in the granular crystal resulting from an in-plane
impact. (a) Schematic diagram showing the experimental setup
and the positions of the sensor particles (shaded spheres indicate
particles excited by the impulse). (b) Signals recorded at the
sensor locations. The top panel represents experimental results
and the bottom panel the numerical simulations. In both experi-
ments and simulations the particle’s acceleration obtained from
sensors 2A, 2B, and 2C in the negative y-direction is plotted as a
function of time. The experimental x-acceleration was nearly zero
for all sensor locations (zero in simulations) and was therefore
not plotted. The signal plotted for sensor 2D includes the total
magnitude of the x- and y-particle acceleration

15 times for each sensor configuration, with an average
striker velocity of Vx = 0.29 m/s.

To capture the waves traveling through the central
chains after the in-plane impact, sensors 1A and 1B
were located six particles from the impact in each of
the two central chains. Additional sensors were placed
in one of the central chains at ten and fifteen particles
from the impact (sensors 1C and 1D in Fig. 4(a)).
Figure 4(b) compares the experimental acceleration
recorded at these sensor locations with those obtained
from numerical simulations. Due to the systems sym-
metry, we expected an identical response for sensors

1A and 1B in the central chains. However, slight
variations in signal arrival times and amplitudes were
observed in experiments. These variations were most
likely an effect of imperfect striker impacts. If the
striker does not impact each of the two edge spheres
simultaneously (because of slight misalignment) the
result should be a slight time delay and uneven force
transmission between adjacent chains, similar to what
was observed in experiments. In the central chain, the
difference in time of arrival of peak particle acceler-
ation (tpeak (1B) − tpeak (1A)) was −21(±68) microsec-
onds and the percent difference in peak acceleration of
sensor 1A with respect to sensor 1B was 4%(±10%).
The experimental results shown in Fig. 4(b) best repre-
sent the average response of the system from the 15 re-
peated experiments (this signal most closely represent
the mean values for both peak arrival time and percent
amplitude of the mentioned sensor pairs).

To capture the waves traveling transversely through
the two edge chains after the in-plane impact, sensors
2A and 2B were placed five particles from the impact
in each of the two edge chains and another sensor
was placed in one of the edge chains at eight parti-
cles from the impact (2C in Fig. 5(a)). Additionally,
we placed a sensor particle several diameters away
from the waves traveling through both the central and
edge chains (sensor 2D in Fig. 5(b)) to determine if
existing imperfections in the granular crystal allowed
for deviations from the expected wave propagation
paths. For the edge chains, the difference in time
of arrival of peak particle acceleration (tpeak (2B) −
tpeak (2A)) was −0.50(±6.5) microseconds and the per-
cent difference in peak acceleration of sensor 2A with
respect to sensor 2B was −7%(±18%). The experimen-
tal results shown in Fig. 5(b) best represent the average
response of the system from the 15 repeated experi-
ments in terms of the relative arrival times and ampli-
tudes at sensor locations 2A and 2B. We observed, as
expected, that the sensor away from the traveling waves
(sensor 2D) was not measurably excited by the impact
(Fig. 5).

Experiments and numerical simulations were per-
formed also for crystals excited by out-of-plane
impacts. Results from this analysis are reported in
Figs. 6 and 7. In this configuration, we observed iden-
tical solitary waves traveling through the 8 central
chains of the granular crystal, forming cross-shaped
propagation beams (Fig. 6). Numerical simulations re-
vealed that of the total energy input into the system
(by the striker spheres initial velocity), 44.3% went
into the solitary waves traveling in the eight central
chains, 8.0% was lost in the rebounding of the striker
particles, 47.7% was lost in the rebound of the four
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Fig. 6 Density plots
corresponding to the
amplitude of the particle
velocity obtained from
numerical simulations as a
function of spacial position in
the granular crystal. (Left) At
0.15 ms and (Right) at 0.30 ms
after the array was impacted
out-of-plane with a striker
velocity Vz = −0.65 m/s.
The grey-scale indicates the
particle velocity amplitude
in m/s 0.1 0.2 0.3
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initially impacted central spheres. Sensors 3A and 3B
were placed six particles from the out-of-plane impact
in two of the central chains and sensor 3C was located
eight particles from the impact in one of the central
chains (Fig. 7(a)). To determine if existing experimen-
tal imperfections in the granular crystal allowed for
deviations from the expected wave propagation paths,
we positioned an additional sensor (sensor 3D in Fig.
7(a)) five particles away from the central chains of
the crystal. The particle acceleration measured by the
sensors and their motion was compared with numer-
ical simulations (Fig. 7). Experiments were repeated
15 times, with an average striker velocity of Vz =
−0.65 m/s.

Slight variations in solitary wave amplitudes and
arrival times were again observed between adja-
cent spheres in experiments. The difference in time
of arrival of peak particle acceleration (tpeak (3B) −
tpeak (3A)) was on average 25(±54) microseconds and
the percent difference in peak acceleration of sensor
3A with respect to sensor 3B was 1%(±42%). The
experiments plotted in Fig. 7 most closely represent
the average response of the system. As with the in-
plane impact, we observed that the sensor away from
the traveling waves was not measurably affected by
the waves traveling in the central chains. The lack of
particle motion at sensors 2D (Fig. 5) and 3D (Fig. 7)
and the good agreement with simulation and exper-
imental results indicate that any existing deviations
from the granular crystal’s ideal contact lattice were not
significant enough to leak energy from excited chains or
to prevent the observed solitary waves from forming.

The presence of dissipation is evident in the experi-
mental results. This leads to an observable discrepancy
in the wave amplitude between the signal recorded in
experiments and in numerical simulations (that do not
include dissipative losses). In highly nonlinear systems,
the wave propagation speed is a function of the wave
amplitude. As a consequence, the noticeable travel
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Fig. 7 Experimental and numerical simulation responses of the
central chains in the granular crystal resulting from an out-of-
plane impact. (a) Schematic diagram showing the experimental
setup and the positions of the sensor particles (shaded spheres
indicate particles excited by the impulse). (b) Signals recorded
at the sensor locations. The top panel represents experimental
results and the bottom panel the numerical simulations. In both
simulations and experiments the particle’s acceleration in the
negative y-direction is plotted as a function of time. The exper-
imental x-acceleration was nearly zero for all sensor locations
(zero in simulations) and was therefore not plotted. The signal
plotted for sensor 3D includes the total magnitude of the x- and
y-particle acceleration
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time difference observed between the pulses recorded
experimentally and the ones obtained from numerical
simulations can be also attributed to the signal attenua-
tion due to dissipation. We observed significantly more
dissipation in the waves traveling through the edge
chains (Fig. 5) compared with those traveling through
central chains in the granular crystal (Figs. 4 and 7).
This difference could be attributed to the fact that edge
particles are in contact with two walls (side and bot-
tom), compared to only one wall (bottom) for internal
particles, introducing more friction and increasing the
rate of amplitude decay.

Particle Velocity - Wave Speed Scaling Relation

A scaling relation between the particle velocity and the
propagating wave speed was determined by separately
inspecting the waves traveling through each of the
chains involved in the signal propagation. The results
were compared with the scaling relationship available
from the one-dimensional highly nonlinear wave theory
[1, 2]. To determine the experimental particle velocity,
we numerically integrated the measured particle accel-
eration. The peak value of the particle velocity was then
plotted against the calculated wave speed for a variety
of striker velocities (see the points in Figs. 8, 9, and
10). We compared the experimental values with data
computed with our discrete element model, performing
simulations for different striker velocities.
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Fig. 9 Wave speed vs. maximum particle velocity for the edge
chains when the system is impacted in-plane. The squares denote
tests for sensor locations 2B and 2C, while the stars denote tests
when sensors are moved to the opposite chain (2A and the
respective neighboring particle of 2C, location X1Y18). Results
of the linear regression on the log-log data for both experiments
and simulations are shown (with 95% confidence intervals)

The experimental peak particle velocities (Figs. 8–
10) were calculated by averaging the peak values from
the sensor pairs. The plotted experimental wave speed
was calculated from the time of flight between the
two sensors’ peak velocities (t) and the distance be-
tween the sensor particles’ centers (d). Error bars in
the wave speed direction were calculated based on
bead tolerances (±0.01 mm, �d) and the sampling
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Fig. 10 Wave speed vs. maximum particle velocity for the central
chains when the system is impacted out-of-plane. The squares
denote tests for sensor locations 3B and 3C, while the stars denote
tests when sensors are moved to the adjacent chain (3A and the
respective neighboring particle of 3C, location X10Y3 ). Results
of the linear regression on the log-log data for both experiments
and simulations are shown (with 95% confidence intervals)
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rate (2 microseconds between data points, �t). Since

wave speed, Vs, is d/t, we can write dVs
Vs

= ∂Vs
∂t dt+ ∂Vs

∂d dd
d/t

or letting dx → �x, we get error bars extending in
each direction with length �Vs = (

�t
t + �d

d ) · Vs. In the
maximum particle velocity direction, error bars were
calculated based on uncertainty in the sensors’ calibra-
tion factors (3%, �K) and sensor misalignment (it was
conservatively assumed that sensors could be aligned,
by hand, within 10 degrees of the true x-, y-, and z-
directions, �V). Similarly, since acceleration, a, is V/K,
we can again get the integrated velocity error bar length
in each direction from �a = (

�V
V + �K

K ) · a. Here V
represents the measured voltage from accelerometers
and K the calibration factor. The error bars did not
take into account phenomenon such as the presence of
gaps in the granular crystal, which could explain data
points residing far from the theoretical and simulation
lines.

A linear regression was performed for both numeri-
cal simulations and experimental data points (on a log-
log scale) to determine the amplitude-wave speed rela-
tionship for traveling waves due to both the in-plane
and out-of-plane impacts (Figs. 8–10). We observed
that the wave behavior in this simple two-dimensional
system generally follows the same Vs α v

1/5
max relationship

that was derived for one-dimensional systems [2].

Pulse Length

The wavelength of the observed solitary waves was
calculated by separately inspecting the waves traveling
through each of the chains described above. In experi-
ments, we calculated the solitary wave length following
two approaches. The values obtained were then com-
pared with one-dimensional theoretical values. In the
first approach we fit the experimental signals to the
theoretical waveforms [1, 2]. In the second approach,
we directly calculated the wavelength at half maximum
amplitude (full width at half maximum values).

From Nesterenko’s one-dimensional theory the
particle velocity profile in a highly nonlinear
chain of spheres approximately follows equation
(2), thus the acceleration profile follows a =
Vs(

5V2
s

2c2 )2
√

10
10R cos3(

√
10

10R x) sin(
√

10
10R x). The normalized

experimental acceleration data was fit (in a
nonlinear least squares sense) to the waveform, a =
cos3( 2π(t−to)

λ
) sin( 2π(t−to)

λ
), with fitting parameters to and

λ, and the solitary wavelength was then calculated as
λ/2. For comparison, the integrated velocity profiles
were also fit to the more familiar v = cos4( 2π(t−to)

λ
)

waveform, and the wavelength was again calculated as
λ/2. The calculated wavelengths were multiplied by

the measured wave speed to obtain the wavelength in
units of length. The comparison with one-dimensional
theory, numerical simulations, and experiments of the
fitted wavelength can be seen in Fig. 11(a) and (b). The
comparison of wavelength at half maximum amplitude
for one-dimensional theory, numerical simulations,
and experiments can be seen in Fig. 11(c) and (d),
where the full width at half maximum values of the
acceleration and velocity waveforms are plotted as a
function of distance from impact, respectively.

In general, the experimental wavelengths are in
reasonable agreement with the numerical simulations.
There is a clear discrepancy between the theoretical
wavelength (based on the wave shape given by equation
(1)), and the stabilized waveform from numerical sim-
ulations. However, a similar decrease (approximately
13%) in the full width at half maximum values can
also be seen when comparing Chatterjee’s [7] asymp-
totic solution for the shape of the solitary wave with
Nesterenko’s theory (equation (2)). In simulations, it
appears that the wave reaches a stable waveform after
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Fig. 11 Wavelength of the solitary wave as a function of distance
from the impact (N). The dotted lines represent the theoretical
values from Nesterenko’s long wavelength approximation and
the solid lines represent a smoothed curve through simulation
data. Circles represent data from sensor locations 1C and 1D
(Fig. 4) and squares represent data from sensor locations 2B and
2C (Fig. 5) after the array was impacted in-plane. The crosses
represent data from sensor locations 3B and 3C (Fig. 7) after
the array was impacted out-of-plane. (a) Wavelength calculated
by fitting the acceleration curves to Nesterenko’s waveform.
(b) Wavelength calculated by fitting the (integrated) velocity
curves to Nesterenko’s waveform (equation (2)). (c) Wavelength
at half maximum amplitude directly calculated from the accelera-
tion profiles. (d) Wavelength at half maximum amplitude directly
calculated from the (integrated) velocity data. Error bars extend
two standard deviations from the mean values
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traveling through roughly five or six particles from the
impact location. In experiments, the pulse temporal
length is observed to increase with increasing distance
from the point of impact. This effect can be related to
the presence of dissipation.

Conclusions

We developed a new experimental measurement tech-
nique for measuring the multi-directional accelera-
tion of particles in a granular crystal. We demon-
strated good agreement between experimental results
and numerical simulation results based on a Hertzian
discrete particle model. We observed that when the
two-dimensional square packing of steel spheres was
impacted in-plane (between two edge particles) or
out-of-plane (simultaneously impacting four central
particles), the impulsive excitation was resolved into
solitary waves traveling only down initially excited
chains. We observed that deviations from the granu-
lar crystal’s ideal contact lattice were not significant
enough to prevent the formation and propagation of
solitary waves, with no or minor energy lost in the
excitation of adjacent chains of particles. The observed
solitary waves appeared to have comparable (Hertzian)
properties to the extensively studied solitary waves
traveling in an uncompressed, one-dimensional chain of
spheres. These finding can be used in the design of new
materials with controllable dynamic properties.
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