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The variational properties and the convergence order of a
Lumped Stress Method (LSM) for 2D anisotropic elasticity are pre-
sented. Such a method can be thought of as a rational procedure to
approximate a plane continuous body by a truss-like structure. The
traction problem of plane elasticity is considered, making use of the
Airy stress function. Under suitable assumptions, the convergence
of the LSM is proved on using arguments of the mathematical the-
ory of mixed finite element methods. The given result is useful in
order to prove the accuracy of the discrete-continuum approxima-
tion in technical applications.
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1. INTRODUCTION

Mixed finite element methods are often used to approxi-
mate a given fourth-order boundary value problem with two
second-order problems (primal/dual approaches; see, e.g., [1-
10]), especially in the case of biharmonic boundary value prob-
lems (Airy’s formulation of isotropic plane elasticity; bending
of isotropic Kirchhoff plates; etc.).

In [1] Glowinski first proved the convergence of mixed
methods for the biharmonic problem. Subsequently, Ciarlet and
Raviart [2, 3] obtained the rate of convergence of mixed meth-
ods involving polynomials of degree £ > 2, while Scholtz in
[4, 5] deduced an analogous result for piecewise linear poly-
nomials. In [6-8] Davini and Pitacco have proposed a Lumped
Strain Method for Kirchhoff plates, obtaining convergence re-
sults through the mathematical theory of mixed methods [7], and
I"-convergence theory [8].

A result for mixed approximations of general fourth-order
problems can be found in [10], where again polynomials of
degree k > 2 are taken into consideration.

The present paper deals with the convergence proof of a
Lumped Stress Method (LSM) recently appeared in the liter-
ature for anisotropic 2D elasticity [11, 12].
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The LSM involves piecewise-linear approximations of the
primal variable (Airy’s stress function @), which are defined on
a given triangulation of the body (primal mesh). It also makes use
of piecewise-constant approximations of the secondary, tensor-
valued variable, which coincides with the hessian of ¢. The
latter is defined over a dual mesh.

Such a choice of approximating function spaces is based on a
pre-minimization procedure inspired by the relaxation strategies
discussed by Kohn et al. in [13, 14]. It leads to a complete decou-
pling of the dual problem from the primal one (unconstrained
mixed method, cf. Davini and Pitacco [6, 7]).

The physical meaning of the LSM, numerical convergence
studies and applications to relevant benchmark problems have
been presented in [11, 12]. It has been shown that such a method
offers the possibility to rationally approximate a continuous
body through a non-conventional truss-structure [12]. The skele-
ton of the primal triangulation can instead represent a truss struc-
ture, whose complementary energy is defined per dual elements.

In what follows, some preliminaries about mixed approaches
to fourth-order problems are given (Theorems 1, 2), and the
mathematical formulation of the LSM is presented. Moreover,
the convergence order of the method is obtained (Theorem 3),
assuming suitable regularity assumptions about finite element
meshes.

In the last section of the paper, the physical meaning of the
LSM is examined and numerical applications are presented.

Differently from topology optimization methods (refer, e.g.,
to Bendsge and Sigmund [15]), the stress network in the LSM
is arbitrary and doesn’t need to follow the principal direction of
stress or other optimal directions.

Nevertheless, the association of such a method with opti-
mal design techniques awaits attention. The use of the LSM for
shape optimization of masonry structures has been presented in
[16, 17].

2. VARIATIONAL FORMULATIONS OF PLANE
ELASTICITY

2.1. Airy’s Formulation
Let us consider the traction problem of a plane, bounded and
simply connected open set €2, owing a polygonal boundary 02.
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Throughout the paper, {&;, &} denotes a Cartesian basis,
Greek indices are assumed to range over {1, 2}; summation con-
vention over repeated indices is employed; and use is made of
the two-dimensional alternator eyg.

Let p denote the surface traction prescribed on 0€2; fi the
unit outward normal to 0$2; b the body force density (per unit
volume); and E a given field of initial strains (eigenstrains).

The equilibrium equations of €2 are the following

dvT+b=0 in€, (D)
Thi+b=p ondQ, 2)

where T = Typeq ® e is the stress field.
The general solution of (1)—(2) can be expressed in terms of
the Airy stress function ¢ (see, e.g., Gurtin [18]) as

T=T+W HoW, 3

where T* is a particular stress field in equilibrium with b and p;
Ho is the hessian of ¢

Hop = V(VQ) = ¢ «péy ® ép; “4)

and W is the skew tensor with components Wy = exp. The
function ¢ must be such that @ (o) = 0 and %‘nﬁ(o) = 0on 0L,
o being the arc length along 0.

We assume that the fourth order compliance tensor

A = Aupyoe ® 83 ® 8, ® &, 5)

is positive definite.

A variational formulation of the elastic problem is given by
the principle of minimum complementary energy. It can be stated
as

Find @ € Hg(SZ) such that

E(@o) = (peiHr%f(mf(tpl (6)

where
£) =3 [ Ho- AHelda - I(o) ™)
In (7), Ais the transformed compliance tensor of components

Aocﬁyé = eocueﬁveypeécprpc; (8)

[() is the linear functional

(@) = — / Ho - W' (E + A[T*])Wda; )
Q
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and

o)

Hy(Q) = {q) € H (@)/p =0, =

=0on asz} (10)

is the space of admissible stress functions, H”'(£2) denoting the
Hilbert space of functions which are square integrable together
with their distributional derivatives up to the mth order. We refer
the reader to [3, 9, 19, 20] for the mathematical background of
the present study.

On applying the Green formula, it is easy to transform the
linear functional (9) into the form

l((p):/s;f(pda, (11)

where
f= —€xu€pv (EOLB + AOLBVET;B).“V (12)
In what follows we will use the assumption f € L*(Q).

Notice that the functional (7) differs from the complementary
energy of €2 by the constant term 1/2 fQ T - (E+ A[T*]) da.

2.2. Mixed Formulation
Let us introduce the intermediate variable P =\ peq ® €p,
satisfying the constraint
P =—-Hep. (13)

A mixed formulation of (6) can be obtained on introducing
the functional

1
Fo ) =5 [ - Atbl da - to ). (14)
Q
defined over the function space

V= {(p. ) € Hj(Q) x (L*(2)*/B(¢. V), q) =0,
vqe (H' (Q)'}, (15)

where £ : V — R denotes the following linear form

(@ ) = I() = /Q feoda, (16)

while B : (H(R2) x (L*(2))*) x (H'(Q))* — R denotes the
bilinear form

B(p, V), q)=fQV<p-diqua—fQ¢-qda- (17)

In the following Theorem 1, we show that the equation
B((@, V), q = 0,Vq € (H'(R))* represents a variational
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formulation of the constraint (13) and the boundary condition
0@/0dn = 0on 0€2. We also show that problem (6) is equivalent
to the following constrained minimization problem

Find (@*, ™) such that

F@™¥7) = (<p,i$;fev]:(((p’¢))' (18)

The symbols || @||,, and |@],, will be employed for the usual
norm and seminorm of the scalar function ¢ in the space H" (£2),
respectively. Moreover, the notation

5 1/2 > 1/2
Ipll,, = (Z ||pas||,i> . Ipl, = (Z |pas|i> ,

«,p=1 o, p=1
(19)

will be used to denote the norm and the seminorm of the tensor-
valued function p = pypés @ €p € (H™(Q)*.

Theorem 1. The constrained minimization problem (19) has
one and only one solution (¢*, V™), ©* being coincident with
the solution @ of problem (6) and \p* = —Hey.

Proof. Equipped with the product norm

1/2
(@, Wy = (lolf + I1wlig) ", (20)
the space V defined as in (15) is a Hilbert space.

Consider now the following symmetric bilinear forma : V x
V—>R

a((@, ), (¢", ) = /Qll) APl da. 2

Upon introducing the maximum characteristic value A,x of
the positive definite tensor A (A > 0), from the definition
(20) and the Cauchy-Schwartz inequality we get

la((@, ), (¢, V)| = Amax (@, Wy I(@", W)y, (22)

and thus « is continuous on V.
Furthermore, the choice q = @(&; ® & + & ® &), i.e.,
divq = Ve, in Eq. (17) gives
oF = [ Vo Voda= [ hi+vmeda
Q Q
< V20 Illolol,  (23)

C(L2) being the Poincare constant. The substitution of Eq. (23)
into Eq. (20) leads us to write

(@, VI3, < (1 +2CEQD [

1 4+2C(Q)?
< 2O 0. w), (@, b)),

< (24)
Amin

Amin being the minimum characteristic value of A (A, > 0).
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Hence, a is also coercive on V. On the other hand, since the
linear form /, defined as in Eq. (16), is continuous on V under
the assumption f € L*(2), the existence and uniqueness of the
solution (¢*, ™) of problem (18) follow from the Lax-Milgram
Lemma.

Now, observe that the following relation

/ Ho* - qda = —/ Veo* - divqda, (25a)
Q Q

holds, in the sense of distributional derivatives, for any q €
(D(Q))*, with D(Q) = C5P ().

On the other hand, the couple (@*, {*) is an element
of the space V defined in Eq. (15), and hence it results
B(@*, V"), @ =0, Vq € (H'(2))*. Since D(Q) C H' (),
from Eq. (17) we deduce

/V(p*~diqua:/1|)*-qda, vq € (D(Q))*. (25b)
Q Q

Formulae (25a,b) imply Ho* = —* € (L*(2))*. Using this
results into the relation

/ (V ¢ - divg — " - @) da
Q

=—/<H<p*+1p*>-qda+/ Vo' ®qiido = 0, (26)
Q oQ

which holds foreach q € (H'(£2))*, we next deduce that V¢* =
0 on 0%, thatis @* € HOZ(Q). Analogous considerations lead us
to conclude that each couple (@, ) € Vissuchthat @ € HOZ(Q)
andp = —He.

Noticing that (¢*, {*) is also solution of the variational equa-
tions

/le*'A[lb]da=focpda, Ve, m eV,  (@7)

which represent the optimality conditions of the functional F,
we finally find

/H(p*~A[H(p]da=/ foda, YoeHI(Q), (28)
Q Q

and thus @™ coincides with the minimizer @ of the functional
& defined as in Eq. (7).

3. THE LUMPED STRESS METHOD
Consider a double partition of the domain €2, that is a primal
mesh

I, ={Q,, me{l,2,..., M}}, (29)
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FIG. 1. Primal and dual meshes.
composed of triangular elements, and a dual mesh
My = {Qnn € {1,2,....N}), (30)

formed by polygons which are built around each node of the
primal mesh IT;,. We assume that dual polygons €2, divide into
two equal parts the edges of the primal triangles €2,, (Figure 1).

Here and in what follows, the index A refers to the mesh size,
defined as h = sup,, (5. pyidiam(Qy,)}, where diam(S2,) =
max{|x —y|, X,y € Q,]}.

We let S;, and T}, denote the space of piecewise linear scalar
function defined over I1; (polyhedral functions), and the space
of piecewise constant tensor-valued functions defined over 11,
respectively. Moreover, we let Sp, denote the subspace of S,
consisting of polyhedral functions vanishing at the boundary of
Q, that is: So, = S, N HOI(Q)

Our numerical approach to the principle of minimum comple-
mentary energy (Lumped Stress Method or LSM), can be divided
into two steps [13, 14].

First, for a given ® € Sp,, we solve the pre-minimization
problem

Find b = B(§) € Vp such that

U@h) = inf UW), 31
ll)EV@
where
1
v =5 / b - Al da, 32)
Q
and
Vo = e (LAQ)/BU(¢,¥), 9 =0,Vq e T}. (33)

Next, we approach the unconstrained minimization problem
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Find @, € Sy, such that

En@n) = min & (), (34)
where
En(@) = U@D(§) — 1(P). 35)

Let us consider problem (31). Upon expressing a generic
q e Tha q = 22;1 q(n) xu, x» being the characteristic
function of €2,,, we find (see the Appendix)

N
rs(<¢),1|)>,q)=—an(n)-(/fZ H(?Jda—i-/;zlbda)
n=1 n n

+Y a0 [ Vowido
Yo

beB

Y (@, W), @) € (Si x (LX) x Ty, (36)

where v, = 0, N3, B denoting the set of the indices taken
by the boundary nodes of the mesh IT;,. Notice that the quantity
fQ” H® da is well defined, since H represents a linear Dirac
delta distributed over the skeleton of ITj,.

Using Eq. (36) in the definition (31), we deduce that the

elements of the space Vg are the functions \ € (L*(2))* such
that

/ lpdaz{—fQ”H(Apda ifnel,
&,

37
—Jo, Hpda+ [, VO ®hdo ifneB,( )

I denoting the set of the indices taken by the interior nodes of
IT,.

Now, consider that Jensen's inequality and the spectral de-
composition of A yield

v € ((L*(Q)*, (38)

where ar(2,) denotes the area of Q,. In particular, Eq. (38)
holds with the sign of equality if \p € 7},. Combining Eqs. (37)
and (38), we deduce that the minimizer of U over V is the
element ) of T}, such that

N
b =—Hyp=—-) H,omxn,

n=1

(39)
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where

1
—A/ HO da ifnel,
ar(§2,) Jeo,

1
— (/ H@da—/ V(f)@ﬁdcr) ifn e B.
ar(82,) \Jg, Y
(40)

H,, ¢(n) =

Having solved problem (31), we are left with problem (34),
where now we have

1
&En(P) = 3 /Hh(b'A[Hl1©]da — (D). (41)
Q

By the positions (39)—(40) and the inequality of Eq. (38),
it follows that £,(¢p) < &E(¢) for each ¢ € HOZ(Q), £ being
defined as in Eq. (3). In particular, the functional &, allows us
to extend problem (6) to a functional space larger than H 2(Q)
including polyhedral stress functions. In this sense, we refer to
the minimization of &, as a relaxation of the original problem.

In order to prove the convergence of the LSM, it is useful to
view the discrete problem of (34) as a suitable approximation
of the mixed problem (19). As a matter of fact, our previous de-
velopments underlay that minimizing &, over Sy, is equivalent
to

Find (¢, P,) € W, such that

F(@nbp) = min F(@,P)), 42)
(@)W,
where W, is the function space defined as
Wi ={(@. %) € Son x T/ B h), @) =0, Vg €Ty}
(43)

Actually problem (42) derives from an external approxima-
tion W, of the space V defined as in Eq. (15), since the multiplier
q is chosen in T},, which is not contained in (H' (£2))*. Neverthe-
less, Tj, and the proper subspace (Sp)* of (H'(2))* can be put
in 1-1 correspondence through the following linear mapping 9,

N

V4= aqn)x, € T,
n=1

9,4X,) =q(n), Vne{l,2,...,N},

%G € (S)*, 44)

X, being the position vector of the nth node of the primal mesh. In
particular, given an arbitrary (§, V) € So; x Tj, and an arbitrary
q € Ty, it is easy to verify that (see the Appendix)

BU®, ), 946) = BU®, D), @ + O, 9,4),  (45)

where

10, 9,@) | < 7 11Dllo 19,4l -

(46)
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Thus, the approximation space (43) can be also defined as

Wi = {(@, D) € Son x T, / BU(@. D), §) =00, 4,
vy e S}, @

and problem (42) can be regarded as an internal approximation
of the continuous problem (18), associated with a relaxation of
the constraint equation 3((-, -), -) = 0.

4. EXISTENCE AND UNIQUENESS

Arguing as in Theorem 1, it is not difficult to prove the ex-
istence and the uniqueness of problem (42). We address this
question to Theorem 2.

Theorem 2. The discrete problem (42) has one and only one
solution (®p, by,).

Proof. Define the norm

1@, B)lw, = (197 + 1D12)"7, (48)

and observe that the couple (¢, ,,) is also solution of the
variational equations

a((@n, by, (@, 0) = (@, V), Y@, P)eW,. (49

That is,
[ - Ampida= [ foda. V@b ew. 60
Q Q
Given an arbitrary (¢, ) € W), by choosing §' = ¢ (&, ®

é; + & ® &) in Eq. (47) and taking Eq. (46) into account, we
obtain

[ vo-voda~ [ (i +bmpda
Q Q

<V2h|Wlol®l, Y@, b) e Wy, (51)
from which it is easy to deduce
1§l < V2CEQ) + WIDllo, Y@, D) € Wy, (52)

and

1@, DIy, < ah) / V- Alplda, Y, D) e W,
Q

(53)
where

14 2(C(Q) + h)?

h) =
(X( ) Amin

(54)

Thus, the bilinear form «a is coercive on W,,. Since, on the
other hand, it is easy to prove that both a and the linear form ¢
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given by Eq. (24) are continuous on W, (see Theorem 1), the
thesis follows from the Lax-Milgram lemma. |

5. ERROR ESTIMATES

We can regard (¢, ) as a family of approximate solu-
tions of the minimization problem (19), since each value of A
is associated with a problem (42). Our present objective is to
prove that there exist families of solutions (§y, 11) ;) Which con-
verge to the exact solution (¢*,*) of problem (19), in the
sense that e, = |@o — @ul1 + by — Pyllo - 0ash — 0.
Moreover, upon assuming appropriate smoothness properties
on (¢*, "), we wish to find the rate of convergence of such
families of solutions, that is a real number r with the property
that there exists a constant C((¢*, \{*)) independent of 4 such
that e, < C((@*, {*))h". We recall that, by Theorem 1, @* co-
incides with the solution ¢¢ of problem (6), and ™ coincides
with —H,. For further use, we set

P = —Heo, qo = Alpy] = —AHpol.  (56)

We begin by proving the following Lemma, that gives an

abstract estimate of the error ¢),.

Lemma 1. Suppose that the solution @ of problem (6) be-
longs to the space H™(2) N H02(§2) , with m > 3. Then, for h
sufficiently small, there exist positive constants cy, ¢, c3 inde-
pendent of h such that

en = 9o — ®nli + Iy — Py llo
(oo — @l + b —llo)

IA

¢y inf
(¢, p)ew,

+cr inf llgo — 4l + c3h llqoll, - 7
qeSn*

Proof. From Theorem 1, we know that (¢g, ) is solution
of the variational equation

a(((p()v 11)0)7 ((p’ 11-’)) + B(((P’ Il))’ qO)

=((@, ), Y@, ) € Hy(Q) x (LX), (58)

that is, using the definitions (16), (17) and (21)
/ divqo-Veoda = / foda, Yo € Hy(Q). (59)
Q Q

Now, let (¢, ) be an arbitrary element of the space W,
defined as in Eq. (47), and let ¢’ be an arbitrary element of the
space (S;,)*. From Eq. (59) and by Eq. (47) one gets

BUPr — &, P, — ), qo — @)
= B((@h - ¢)’ q)h - 11))7 QO) - B((@h - (b’ q)h - 11’)9 q/)
- /Q V(@1 — §) - divgoda — fg(ﬁ)h — ) qoda
+0@, — b, §)
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=/Qf(¢)h—@)da—L(mb;,—xb)-qoda+0(¢h—11),61’)
- /Q Wy — D) - (AL, ] — qo) da + O, — b, &), (60)

On the other hand, by Eq. (60), the continuity of the bilin-
ear form [3, which is easy to prove, the definition (20) and the
estimates of Egs. (46), (52), it follows

‘ /Q W, — ) - (A,] — qo) da

<y, —Bllollgo — &'l + 21, — Wllold'li,  (61)

where
y(h) = M(1 +V2(C(Q) + h)), (62)
M being a positive constant independent of /.

The estimate of Eq. (61) and the Cauchy-Schwartz inequality
allow us to write

A A 1 A - -
1y 15 = o (| [ by = - (AL - anyda

+ / Wy, — ) - (A[P] —QO)da>
Q
Yy, = s ) ho o
= o Iby = Wllollao = 4'll + iy, = lold'Ts
1 o n ~
+ b, = ol ALD] - gollo- (63)
Therefore, since
14l < llgo—&'lli + llgoll, (64)
IAMDT = qollo = A — Polllo < Amaxl — Wollo,  (65)
for i < 1 it results
1D, —Wllo < kil —Wollo + kallgo — &'l + &3 liqolls,
(66)

ki, k2, k3 being positive constants independent of /.
Now, consider that, by the triangle inequality and the inequal-
ity of Eq. (52), one gets

00 = ®uli + [bo — Wyl
=190 — @l + by —Wllo
+(1+V2C(@Q + M) b — by llo (67)
(., ) being an arbitrary element of W,. Upon combining in-
equalities (66)—(67), the estimate of Eq. (57) follows. [ ]
In order to apply the abstract estimate Eq. (57), we need
to consider families of primal and dual meshes having some
regularity and uniformity properties.
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In particular, we need to consider a family of triangulations
1, which is regular affine in the following sense (see, e.g.,
Ciarlet [3])

(H1): i) There exist a constant ¢ independent of h such that
h/p, <0, where p;, = infyeq12,. my Sup (diameters of all cir-
cles contained in 2, € Tly); ii) the mesh size h approaches
zero.

(H2): all the triangles 2, € Ty, are affine-equivalent to a
single reference triangle, for all h.

Introduce now the basis {gi, g2, ..., gn} of S such that
&n(x;) = 0, (8,; being the Kronecker symbol), and denote the
support of the generic function g, (i.e., the union of the triangles
having a vertex at x,,) by G,,.

We say that a node x,, of IT;, owes the property (Py) if, given
an arbitrary tensor H (independent of position), it results

Z/G H(x —x;)- (x—x;)Vg; ® Vg, =0, (68)

JELy

T, being the set of the indices taken by the nodes of I, lying
on the closure G, of G, (that is n and the nodes connected to n
by an edge of I1,,).

It is not difficult to verify that such a property, generaliz-
ing a similar one formulated by Glowinski in [1], holds in the
following remarkable cases:

(1) G, is an hexagon or half an hexagon generated by a rectan-
gular grid of nodes, which is uniform at least in one direction
(see Figure 2);

(2) G, is an hexagon or half an hexagon formed by triplets of
equal isosceles triangles (see Figure 3).

The last two assumptions we need to introduce about primal
and dual meshes are the following

(H3): The boundaries of the polygons 2, € 1), are obtained
by connecting the middle points of the sides of the triangles
Q. € I, having a vertex at X, with the centroids of the same
triangles.

’
- /( ’
T - b, ,
¥ r A
’ ’ - N b
. n . /y - /Y -
_A _A bl / /
¥y n
! | 4 | % |
1 I T 1
a a
| 1 | 2 |
I T 1
a, =a, andlor b =b, a = a,

FIG. 2. Element G, coincident with an hexagon or half an hexagon generated
by a rectangular grid of nodes.
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a a a a
L | | | |

FIG. 3. Element G, coincident with a hexagon or half a hexagon formed by
triplets of equal isosceles triangles.

(H4): For all h, T1;, can be divided in two disjointed parts
Iy, =1{Q;/j € ThYyand 11y, ={Q;/j € o}, such that
i) the elements of T1 n, are built around nodes owing the (Py)

property;
ii) ar(Qy,) = Zjejz ar($2;) > Oas h — 0.

We set ar(2,,) = Zje]l ar(Qj). It is worthwhile noticing
that (H4) holds, for example, when the core of I 5 1s formed by
elements centered at nodes owing the (Ps) property, and [T,
coincides with a strip of elements adjacent to the boundary of 2.
In this case, ar (£2;,) is of O (h) (see, e.g., Figure 1). Another re-
markable case, interesting for the applications presented in Part
I1, is that of a rectangular domain covered by a uniform rectangu-
lar grid of nodes. Here, all the nodes have the (Px;) property, with
exception to the four corner nodes, and thus ar(€2;,) is of O (h?).

The assumption (H3) allows us to express the constraint of
(39) in a different form. Indeed, consider that is possible to
write 3,§(x) = ZnN=1 q(n)g,(x), Vq € T,. Hence, given an
arbitrary (P, 11)) € Son x Tj, enforcing the variational equation
(see the Appendix)

Bo. .= [ Vo-aivdada— [ $-ada=o
Q Q

VqeTy, (69)
we easily find

Vo ®Vg,d
/%@Vgndazw

Q fggnda
Vne{l,2,...,N}, (70)

li)(n) = A

since [, guda = ar(G,)/3,and ar(,) = ar(G,)/3 in virtue
of (H3). Clearly, the integrals on the right-hand side of (70) can
be restricted to G,,.

The following Lemma 2 and Theorem 3 give us the desired
estimate of the error ¢;,. The result we find is similar to those
given by Scholtz in [4] and by Davini and Pitacco in [7] for the
biharmonic problem. Use is made of the notation |||[,,.cc and

| - [m.0co for the norm and the seminorm in the Sobolev space
W™ (Q), respectively.

Lemma 2. Assume that (H1), (H2), (H3) and (H4) hold,
and that the solution @ of problem (6) belongs to the space



316

W3(Q) N HOZ(Q). Then, there exists a couple ((f)(),li)o) €
W) and constants i,y and ¢3 independent of h such
that

o — @ol1 < E1h|@ol2, (71)

—Wollo < E2h/ar () @ol3.00 + T3h/ar () @0l2,00-

(72)

b

Proof. Consider the linear mappings r;, : H'(2) — S, and

2t (L2(Q))* — T, defined as

N

P =) 02, Yo € H'(Q), (73)
n=1

Rip = Z Jobeda, @, aa

Jo 8nda

n=1

Since r;, leaves invariant piecewise linear functions on I1;,
by (H1), (H2), the properties of projection operators, and the
Poincaré inequality, we get

[90 — rn@oli <k hl|@ol2, (75)
where k is a constant independent of 4.

On the other hand, it is easy to show (cf. [7]) that there exists
a constant &k’ independent of % such that

Rybgllo < &' kol = K hl@ols3. (76)

by —

Now, consider the couple (pg, 1) € W, with G = r, @0
and P, = ZQ/:l Py(n) x, such that

Yy(n) = ., N}.

Voo ® Vg,da, Vnell,?2,.
ar(Qn)/ o g {1,
(77

Due to the assumption @ € W3°(Q) and the embedding
W3(Q) — C%(2) (see Adams [19]), we can apply the follow-
ing Taylor’s formula

@o(Xyn) = @o(X) + Veo(X) - (X, — X)
1
+ EH(PO(in)(Xn —X) - (X; — X),
Vnel{l,?2,...,

N},  (78)

where X is an arbitrary point of G, and X,, = X,,(X) is an interior
point of the segment x,, —x. Making use of Eq. (78) and observing
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that V §o(x) = Zjel’,, @o(x;) Vg;(x), Vx € G,, we obtain

2

JELy

Vdo(x) = ((P()(X) + Veo(x) - (x; —x)

1
+7HEo®))x; — %) - (x; — X)) Vgjx). (79)

On the other hand, the base functions g; have the property that
> jez, 8/(X) =1, Vx € G,,. Thus,itresults } ;. Vg;(x) =0,
Vx € G,, and

D (Vo) - (x; = X)Vg;(x)

jeZ,
=Y (Voo - x/)Vg;(%) — (Voo(x) - %) Y Vg;(x)

JET, J€ET,

r (Z g_,»(x)x_,-) Vo(x) = Vo(x),

JEL,

(80)

since ZjEIn g;(x)x; = x, and VI'x = I, I being the identity
tensor. Therefore, Eq. (79) can be rewritten as

Voo(x) = Veo(x) + Z(H@o(x )(X; —X)
jEI
(X —x))Vg;(x), Vx € G,. (81)
Upon substituting Eq. (81) into Eq. (77), we obtain
o) = — f Voo ® Ve, d
n)—=—— s— ada
0 ar (82, ) Q @0 8
+ /(H@o(x )(X; —X)
2ar(§2 ) 7, T
- (x; —X)Vg; ® Vg, da, Vne{l,2,...,N}.
(82)

Notice that the Green formula gives

/ Voo®Vg,da = / Voo®Vg,da = / Yogn da,
Q G, G,
(83)

since either Vg or g, are zero on 0G,. Taking into account
Eq. (83), the definition (74) and considering that (H3) implies
Jo gnda = ar(G,)/3 = ar(S,), we can rewrite Eq. (82) as
follows

A 1
) = Rt + 5 > [ #oupm 0

-(x; —x))Vg; ®Vg,da, Vne{l,2,...,N}. (84)
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Here, |x; — x| < h, and |Vg;| < ch=',Vj e {1,2,...,N}.
Thus, from Holder inequality, one deduces

o) — Rybo(m)] < k"l @ol2os,  Vn €{l,2,...,N}, (85)
k" being a constant independent of 4.

A refinement of the estimate (85) can be obtained by consider-
ing nodes owing the (Px) property. Indeed, define the difference

quotient of Hoy in the direction of &, as

Hoo(x + héy) — Hoo(x)

DiHeo(x) = - : (86)
and recall the standard estimate
| DAH@o[ v, < IVHG0llxG)) < [@0l300,  (BT)

which holds for any G/, C C G, and any h <dist(G,,,d G,)
(see, e.g., Renardy and Rogers [20]). Since we may express
X;(X) as X, +/;1(x) & +hj2(X) &,V € T, where h jo(X) < h,
it results

Hoo(X;(x)) = Hoo(x,) + D" Heo(x,)h 1(x)

+ DY Heo(x,)h jo(x). (88)

Thus, from Egs. (84), (87), the definition (68) and the property
(H4) we get

[Do(n) — Rnbo(m)l < k" |@ols.e. VR €T (89)
The inequalities of Eqs. (85) and (89) yield
IRbo — Riboll3
= > o) — Rubo(n)Par(S,)
ne 1V
< k" (h*ar(Qu)9ol3 .0 +ar(@u)leol3 o) - (90)

In conclusion, by applying Eq. (75), the triangle inequality

b — Wollo < bg — Riyllo + IRxDe — Wollo,  (91)

Egs. (76) and (90), we get the proof of the thesis. [ ]

Theorem 3. Let the properties of (HI ), (H2), (H3) and (H4)
hold, and let the solution @ of problem (6) belong to H*(Q)N
W3(Q)n Hg(SZ). Suppose further that it results in

ar(th) S Chv (92)

where c is a constant independent of h.
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Then, there exist constants C| and C, independent of @y and
h such that

en =190~ ®oli + by —Wollo < C1AllQoll3.00 + C2h2 || @ola-

(93)
Likely, when @ € W4(Q)N HOZ(Q) and in addition
ar(Qp,) < ch?, (94)
it results
en = Chll@oll4,00, 95)

with C independent of @ and h.

Proof. Recall the abstract estimate (57) and observe that (H1)
and (H2) imply that there exists a ¢ independent of @ and &
such that [18, 21]

_inf flgo — §'[li < ¢hlqola < ChAmaxll@olla- (96)
q'e(Sp)t
On the other hand, from Lemma 2 it descends
inf  (lpo — 11 + by — Pllo) <
(@ h)ew,
C1hl|@ola + T2 hy/ar (R, @ol3,00
+¢3 v/ ar (p,)19ol2,00- 97)
Finally, it is easy to recognize that
”qO”l =< Amax“(pO||3~ (98)

Upon substituting Egs. (96)—(98) into Eq. (57) and taking into
account the embeddings H*(Q) — W2>(Q) and W3®(Q) —
H3(Q) [16], it follows that

en = ¢ har@ )l @olls oo + ¢ (1 +v/ar(,)) loolls,

99)

where ¢} and ¢} are independent of ¢ and h. The insertion
of Eq. (92) into Eq. (99) gives the estimate of Eq. (93), for
h < 1. Similarly, the insertion of Eq. (94) into Eq. (99) and the
embedding W*>®(Q) — H*(Q) give the estimate of Eq. (95).m

6. CONCLUDING REMARKS

The physical meaning of the Lumped Stress Method is the
following. Consider an arbitrary ¢ € Sy, defined as in Section 3,
a latticed structure B, coincident with the skeleton X, of the
primal mesh T, and the stress field T = W HW. The latter
consists of linear Dirac deltas with support Xj.
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y
/ -,

FIG. 4(a)—(d).

It is easy to realize that the line integral of T through each
edge of ¥, is a uniaxial tensor, which can be regarded as the
axial force carried by the corresponding bar of B;,.

The LSM approximates the stress in the neighborhood of
each dual element by the quantity T* + Th(n), with 'i‘h (n) =
WTH,, ¢(n)W. Equation (40) shows that ’i‘h(n) coincides with a
suitable composition of the uniaxial stresses carried by the bars
of B, incident to n.

It is useful to regard the quantity £,(p), defined as in Eq. (41),
as the complementary energy of the truss ;.

Several applications of the LSM to technical problems and
benchmark examples of 2D elasticity have been presented in
[11, 12]. The particular ability of such a method in dealing
with no-tension (masonry-like) materials has been illustrated in
[16, 17].

Figures 4a—d show the LSM force networks for several elastic
problems dealing with materials which do not react in tension.

LSM force networks obtained for several no-tension bodies.

They refer to a transversally loaded clamped beam (Figure 4a);
the same beam reinforced with a steel element at the bottom
side (Figure 4b); a panel undergoing simple shear (Figure 4c);
and a wall with openings subjected to both vertical and hori-
zontal loads. The reader is referred to [17] for the details of the
numerical calculations.

Further applications of the LSM in the field of shape opti-
mization problems are addressed to future works.
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APPENDIX

Let us consider arbitrary functions @ € S;, q € T and, in
correspondence with each couple of nodes 7, s connected by
an interface I'} of the primal mesh, the region Qf, formed by
two adjacent sub-elements of Q, and €, (Figure Al). Since
each element ¢ recurs twice when all the nodes of the primal

FIG. Al. Double sub-element ! of the dual mesh.

mesh are taken into consideration, upon applying over such ele-
ments the generalized Green formula (see, e.g., Temam [19]), we
find

/ divq-Vdda
Q

(A.1)

where S, is the number of nodes connected to n.

In the right-hand side of Eq. (A.1), H is a combination of

s

Dirac deltas uniformly distributed along the interfaces I';, with
amplitude (per unit length) [V ® fz; Here, [V®I;, is the
Jjump of V¢ through I') and ﬁfl is the unit vector orthogonal to
'Y (Figure Al).

Now, said & and y* the intersections of Q2 and I'} with

2, respectively, and said £ the length of Iy, it results (recall

n’

that the dual mesh divides the edges of the primal mesh in equal
parts)

deduce

P
| Hoda=1von, 0 i, (A2)
@ 2
N A TS s A S 4
H$ -pda = [VOI ® i} / pdo, Vp € (C (@}))
@, v
(A3)
From Egs. (A.2)—(A.3), upon expressing { as ZQ’:] q(n) xn, we
~ A AT hs A g; A TS hs A 6’51
[ 4-Hpda =[Vol, ®h, -4 +[Vel, @h, - 4(s)—
o

=qn) / Ho da + q(s) / Hoda (A4)

n

Still in Eq. (A1), boundary terms associated with the in-

terfaces 92} which do not lie on 9 eliminate two by two.
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Moreover, for nodes 7, s lying on 0€2, it results Further on, for nodes 7, s lying on 0€2, one gets

/ Q-V€p®ﬁdc=qm)-/ Vo @ndo + §(s) / G- Vo ®ndo
Qs NIQ v 925 NAQ
ES

ZS
= V¢ nl.. - [ G _n Q —q _n
: / Vo ®hdo. (A5) ¢ ®fly, <Q(”) P 8)
Vi

23 03
+ VO Rt - | qls)2 + () — q(s —”)
Thus, formula (A.1) can be reduced to ¢ v (q( ) 2 @) = 4(s) 8

=4 | Vo®ido+§es)- | Vo®iado (A9)

N
/V@diqua:—zc](n)f Hpda+ ) 4(b) Y v
Q2 n=1 $2 beB Upon substituting Egs. (A.8)—(A.9) into Eq. (A.7), we find
/ Vo ®hdo, (A.6) a
. qu).diva,,qda?Zq(n)f Hoda+ Y aw)
Q n=1 $2 beB

where v, = 082, N 9, Vb € B. Vo ®hd
Consider now 9, € (S;,)* defined as in Eq. (44). For such a ' N ¢ ®ndo
. . . b
function and an arbitrary ¢ € §;, we obtain

= / Vo -divqda. (A.10)
N S @
/ divd, q-Vdda = l Z Z <_ / 9,4 -Hp da Now, let us adopt the following expansion of 8, {(x) over the
Q 204 & generic dual element €2,
+ / 1q- Vo ® ﬁdc) , (AT 9, q(x) = q(n) + VI,x)(x —x,), Vxe€ Q.. (A.11)
%
Formula (A.11) leads us to deduce
| 9 Ho da [ ona-bda= [ a-dbda+0th 0. Ve,
n Q Q
R A A (A12)
=[Vol, ®hy, - (fl(n)?" +(q(s) — Q(n))§”>
where
Vol l’,is A E; A A E:L R R
HIVOL, @R, {4075+ @) =4y 0Gh. 94| < Alibllo 19441 - (A.13)
= q(n) - / Ho da + q(s) - / H da. (A.8) From Egs. (A.6), (A.10), and (A.12)—(A.13), we get the proof
@ " of formulas (36), (45)—(46), and (69) of the present paper.





